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1 Basic Equations

1.1 �/���X�$� — Jeans e��

?'T�V #+= : I8! : � ©�� �����'Y 7 É	� " n scale ! 3�5	%�] M ��
 : LM n #/� 3/5�X� !���� ! "'#�0+-�.'A y²z 5 E���� � «U¬ &�EH����� 345��� ����� �4e����'� ����� ����5������������ ¸ 7� 5 |H}4~ �$� �'���
∂ρ

∂t
+∇∇(ρvv) = 0 (1)

∂vv

∂t
+ (vv · ∇∇)vv = −1

ρ
∇∇P −∇∇φ (2)

T
∂s

∂t
+ (vv · ∇∇)s = −∇∇FF + εN − εν (3)

! ��! \�] #	0+%'%�!)5 FF = −λ∇∇T (λ 3���"�#�$ ) 5 εN & εν 3 |X}�~ �Z� ¥ZT�$&&%�'($ )U1X#�0���.�5 φ 3+�U�+*-,  /.10 ~ ))52*43 5� 76^Y��
∇∇2φ = 4πGρ (4)

)8� t M ] #	0 E���� � ��8 3�59�: ��¯ ° (O± ;$0<�='«'¬ &'- z(> º n � (�? t�5A@�� (�B tH.�CU��C · ;�D (�¦�#/0 <�=«�¬ ( �-E "��GF t�H 0 )/I -D5A@-� (
ρ (P, vv, φ) = ρ0 (P0, vv0, φ0) + δρ (P, vv, φ)

& ¸H³Zz 6^Y�� J 1 K - J 4 K &GL�M 5N@-� � 2 O �GP (7Q�R V # &F5N@���6^Y��
∂δρ

∂t
+ ρ0∇∇δvv = 0 (1′)

∂δvv

∂t
= − 1

ρ0
∇∇δP −∇∇δφ (2′)

δP = c2
s,0δρ (3′)

∇∇2δφ = 4πGδρ (4′)

(GS #�0�%U%T)$5 cs,0 3 <+=H«U¬ ��U+V ) 1 # (= ∂/ρ |ad,0) 0W� J 1’ K �-C ·�X !
( & É 5Y� J 2’ K � ¶X·�X !�5� J 3’ K�& J 4’ K L M δvv 5 δP 5 δϕ (7Z+[�V # &D5 l'm��@�� δρ

& ; ³$z �/6)Y��
∂2δρ

∂t2
−∇∇cs,0∇∇δρ− 4πGρ0δρ = 0 (5)

&�\.C V #	0W@-� � fourier � �

δρ ∝ exp(iωt + ikk · xx) (6)

(�? tU# &D5G!-] 9_^
ω2 − c2

s,0kk
2 + 4piGρ0 = 0 (7)
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A�# L ] #	0�%�] 7 ÉÊ5N@�� ����� A k < kJ ≡=
√

4πGρ0/cs,0 � &Z"O5 ω 3���� & n
ÉÊ5A@�� 3����H ( � 3 5U	� &'- z "�
 V # %�& &$n #/0�- L -�5 k > kJ �@�� &�� - z 3+5 ω 3����� & n ÉÊ5 @�� 3�5���� 9�� Ä & T���V # %$& &$n#	0 V n82 3 5�l�m &Di'm4)�� �)# Jeans ��� & Jeans e�� &�� ��� � �����

λJ =
2π

kJ
= cs,0

√

π

Gρ0
, MJ =

4π

3

(

λj

2

)3

ρ0 =

√

π5

36G3

c6
s,0

ρ0
(8)

���	 !�"$#&% '�(�) *,+�- � . � / ' � 0�1 2 ��3	4 # δρ > 0
'65�7 8:9!�" ;�#=<?> 8 @ �$A > '�B	C ��D?> ':E�FG> '�B	C 0IH�J !K#L7G>�M?NG8O�P�Q 8�R ST#U< >WV�X 0 A Y,Z .I[ .�*�8�R �6\ .�'�% '6<G>�]	^ ;:#U_` a � b < > c d$e f	g��ih 8�j?k a � "�DG> �$B?CG#l> 'im n o:p?� 2q a�r � s�t�u v .�*68WR ��\

1.2 w 9Wx y{z�|	}�~��� <�> '��?� ' ��* t '���p?'�z�|?}�~���� ; w 9�x 8�R ST#K��'�>�MN?R�� S 4 � ;
∂Mr

∂r
= 4πr2ρ (9)

∂P

∂r
= −GMrρ

r2
(10)

t���� a�r � \ .�. t # r
; w�� '��W�	# Mr

;:�i�
r
' w�� � '�+i-�# P

*
ρ; w	� '6DG> *��	��# G

;:<�> Q?� \ . r / 'i���?� ;�#K� r �$r #�� u ��	�
( �	� note ��� )   @6¡:¢�7�-��$�	� 8�9�£G[ � \ +i-	¤�¥ Mr

0�¦�§�¨ �*I[ �
Lagrange

¤�¥�% t ;
∂r

∂Mr
=

1

4πr2ρ
(9′)

∂P

∂Mr
= −GMr

4πr4
. (10′)

�	p w ��© '�c o ª¬« ig?'�®	¯ °�± ² / r � *I#�. r / '$���G� ;W³ ´b % 0 R !K#µ�Wp w '�>�M�N?R���� °�¶ s � \�Wp w '�c o ª·«��g�®�¯ s(ρ, P )
#&[?Ri¸ ¹�#ºh N?R:��� ;�c?d�e f$g�»�¼*�c?d6e fWg�½�¾ t Y?s � \ �$� r
' w�� 0I¿�À [ � c?d6e fWg�Á	Â 0 Lr tÃ [ *Ä#Åc?d�e fWg�':»�¼�Æ ;

T
∂s

∂t
+
∑

i

µi
∂Yi

∂t
= − ∂Lr

∂Mr
+ εN − εν . (11)

.?. t # µi

#
Yi

;
i-th Ç�È '�É�M Ê�Ë o$ÌÎÍÏe *�Ð�e�Ñ?�?# sib # εN

*
εν

;�ÒE?£ 8 @ � c dWe f	g�F Ó�Ô *:ÕÅÖ×g ªWØ6Ù	8 @ � c dWe f�g�Ú�Û�Ô t Ü� \ ÕÅÖ×g ªiØ:Ù�;6#µÝ�Þ	ß?à ' @ á�R�â?��� '�ã?à 0iä � "�#�ã�à �6© tFGÓG[ � *��	p *¬å�æ���� [ � .�*6R vèç	é [ � ' t c�d$e f�g:Ú�Û *?!"�ê á \ã�à � '�cGd�e f�g:½	¾ 8�;:# radiation
#

convection
#

conduction
'

3
À � ° ÜSë#Ïì c?d6e f�g�Á�í ;�#ïî�ß 8G@ � h�Á�Â

Lph

#=9WÁ 8 @ � h�Á	Â
Lconv

#Ïð�ñ8 @ � h	Á	Â
Lcond

'�ò�ó
Lr = Lph + Lconv + Lcond (12)ô / R � \öõ�÷ 8 @ � ½�¾ ; õ�÷ }�~ ô /

Lph = −4πr2c

κρ

4aT 3

3

∂T

∂r
, or,

κρLph

4πr2c
= −∂Pr

∂r
. (13)

3



.�. t κ
;��G+�����+W- Ü�b S�' õ	÷ '���]�� � t #
	��� ' Pr

; õ	÷ D�#
a
*

c
;

radiation constant
*¬îWí t?Ü � \ h�ð���Ô λph

8���[ *

λph =
4ac

3κρ
T 3,

( Lph

4πr2
= −λph

∂T

∂r

)

. (14)

9�Á 8 @ � ½�¾ ;�#
� +��?7 8�� á��$' t #&9�Á '�F Ó '���� ;�c o ª�«�g���� °�� 8WR � * � á�� '�� t ± ² / r � \
∂s/∂r < 0, or ∇ ≡ ∂ ln T/∂r

∂ ln P/∂r
>

∂ ln T

∂ ln P

∣

∣

∣

∣

ad

≡ ∇ad. (15)

.�'�� ;�Á��� È '�!�" N�R ¨ � 8#�%$ "�& v(' > ô / ñ ô r � °�#&ã�à �© '�)�* °�+�, t R v )�*�®�¯ ° Ü � 3�4 ;�# ' > '�-/. 8�}�0	®�ß�- µ
'��� 021�3 4 R�5 r 6 R / R ��b�7 # >�M?N�R���� ;

d ln ρ = (
∂ ln ρ

∂ ln P
)T,µd ln P + (

∂ ln ρ

∂ ln T
)P,µd ln P + d ln µ

*�R � ' t #
∇ > ∇ad +∇µ, where ∇µ ≡ −

(

∂ ln T

∂ ln ρ

)

P

∂ ln µ/∂r

∂ ln P/∂r
(16)

t ± ² / r � \98;: 0 Schwarzschild criterion
#9< : 0 Ledoux criterion

*	@>=
* \ 9Á '�h�½�¾ 8@? � " ;�#BA 4�C�D�E�F (mixing-length-theory)

° @ v � � / r�G
Lconv

4πr2
= 1/2ρvconvcP T

Λ

HP
(∇−∇′) (17)

*�R � \ .?. t G v
;�9	Á� È '�}�0�íG� G cP

;�9�Á� È ' Q D;H?h G Λ
;A 4IC�D G HP

;
pressure scale height (= |dr/d ln P |)

G s�b G ∇′
;�9	ÁI È ° pressure

scale height
��7 [ ��J '�h	½�¾ 8 @ � c�d�e fWg�];K 0%1�3 4 b�L ����� tÜ � \h?ð	ñ °>M v 'G; G +�N 8:â��?� GBO L � '�P�Q t Ü S G ã?à �6© t ;>Rß °�^�S 4%T }�0 �>U%V � °i) v RW$ b�3�4 t�Ü � \ h�ð	ñ�Ô λcond

;��	� *
L � '@X � * 42T ± ² / r�G h�Á	Â ;�� r 0 � � T

Lcond

4πr2
= −λcond

∂T

∂r
(18)

* Ã;Y � \9�Á 8 @ � h ½ ¾ ��ð � Ô
λconv t Ã 4 G õ ÷ G 9�Á G ð ñ ½G¾ ' 4 - 0

λ (= λph + λcond + λconv)
*I[ � * G

Lr

4πr2
= −λ

∂T

∂r
= −λph

∂T

∂r
− λcond

∂T

∂r
− λconv

∂T

∂r
(19)

*
)�* '���� ° Ü � 3�4 G ∇ad < ∇ < ∇ad +∇µ

' 3	4 ; G 5�7 0#Z 5 b Á��� È8�; q Ç > °@& v ' t G 9	Á ; Z Y\[ G^] 7 [ � .�*�8	R � \ 4 ô 4 GB] 78#� �\_�` a ��`;b 8 ¨ � 4 b * Y G
c�d @ S L � °6â v a O v�b R S G c?de f�g 0 Û á afe � b ' t G ¨ � 8 '6z�|�}�~ '��Ig 8\h2$ b * Y '�c o ª«��g	; G ¨ � 8 @ Sji a v alk Y vWb R S G ��m Y an_ m Y2b '�C�í�� 0#Z5 T G }	~Io 0�¿ S À p � .	*68�R � \ .�' b�7 GBq�r _�s '�t d t ; GB]7 ' ]�u ; k Y v Rv$ T � v .�*�8�R � \ . r ; overstable
*#w 6ir�G9]�u ;*	) 0 u 5 G(x ° T G^y�q�r M�z °�M � T Y T G �G+/A 4 ° Z Y T�{ s � *1 ² / r T � � \ 4 b °|$ T G
} É '/~ J@� � °�h	ð�� '�~ J>� � @ S ) �3	4 8�;:}�0�®	ß�- '���� ° Ü � 3?4 t �,9	Á 8�� á���+�A 4 ' Z Y � �� ;

Schwarzschild criterion
°�� � * 1 ² / r T � � \

4
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total opacity κt �
1/κt = 1/κ + (3ρ/4acT 3)(λconv + λcond) (20)

���� 4 G�������� ��� ��� ����� �"! #
Lr =

4πGcMr

κt

4aT 4

3P

(

∂ log T

∂ log P

)

(19′)

�%$ & ')( *,+ -/. 0,1 � #�243 	�5 � 	 6 * �87�9 #�:/; < 6�=8>"?,@A�B C <�D�� B4C 	FE ?�G�H I
J * � �LK 5 �/M � #N�/7�9 ��� (19) �PO IQSR �
	 K
∇ = ∇ad (21)�TH�U � Q"V 	SW ( *�+

1.3 X�Y�Z�[�\�Z ]�^_ ` ��a%b��
eqs. (9’),

� �/��� �T�
(10’), c8d�e f�g�h�i j � (11), ��7 9 j�

(19’) j 4 klj a�b8�/m # Kon p/q�r sTt�u8v4w Mr �Px * � KzyL( {�(�K}|~
r
K��l�

P
K �S�8� Lr

K @ A
T �4k =/G j,�S� a b8� s�$ & * < K��S�/q8r# � ( ' � ρ

sP� & >
5 � J j�� K��/� aLb"� sP� & G�� ��>�m � J *T+

1.3.1 [ \/���
4 �SjF�/� a�b�� � 5 ��G � � j�[4\��/� <��/� �S� * < K��,� �Sj���� #

r = Lr = 0 at Mr = 0

� $ & '�(�KN� > K}t%u <,� $ j �L� K���  �8jT�/� � �PG # K
P = ρ = 0 at Mr = M

(radiative zero boundary condition)
K � * = #

P =
2

3κ

GM

R2
, T = Teff at τ =

∫ ∞

R

κρdr = 2/3 (22)

� $ & '�( * ( ¡�¢ note £/¤ )
+ �/� � K R � L # K¥y�( {L(S¦4§�¨ j | ~ �
© Aª

luminosity «¬� K®�¯ s O = G%° �L*�+±� > K³² : @ A Teff (effective temperature) #
L = 4πR2σSBT 4

eff (23)

��´/µ W ( K�¦ §L¨ sF¶/· � H"U ��> � � j �8  @ A s � > & * ª σSB = ac/4# Stephan-Boltzmann ´ r « +P� > K��S� a4bl� K�¸l¹"º ; K �8»8¼S; K neutrino
loss j�½ ¾�� #F¿�À �4Á sPÂ ´ x * �/� < � *�+Ã� & G K � ª 11 « j�Ä�Å��/�jTÆ j >�? K� ¯ jTX/Y�Z <,�/� � J *�+

note.1
_�` j aLb/�

Hydrodynamical equations Ç
∂ρ/∂t +∇∇ · (ρvv) = 0 (A− 1.1)

∂vv/∂t + vv · ∇∇vv = −(1/ρ)∇∇P −∇∇φ, (A− 1.2)

(φ ÇÉÈ)Ê)ËzÌ�ÍÏÎÑÐÓÒ ) Ô®Õ
ÖØ×,ÙoÚØÛ ÜÞÝ Lagrangian coordinate ß)à
á mass âØã
dMr = 4πr2ρdr (A− 1.3)
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Ù����%ÜÞÝ�����Ç
vv = (∂r/∂t)Mr

(A− 1.4)

ß)à�á��
	 Ù��
��Ná�	±Ý�� (A-1.1) ��������������Ç}Ý
∂ρ/∂t |Mr

+4πρ2∂(r2∂r/∂t |Mr
)/∂Mr |t= 0 (A− 1.5)

	��)á}Ô������ ����Ç�!
"�#�$Nß&%�' Ý
−(1/ρ) + 4πr2∂r/∂Mr = const = 0. (A− 1.6)

Ü�(*),+-'ÏÝ.� (A-1.3) ßÏÛ�/ Ü�( mass coordinate Ç����0� ������1�2*�,+-'
3�á Ô546( Ý.7
�
�
8�Ù�9�:;�Ná�	<� (A-1.2) Ç�� (10) ��=�>�?�@,Ù�A;B�á Ô

note.2
-�.DCFE

G�H�IKJ �ML�N,Ç Ý G�H0O�P ß0�MQ�RS	6�6T�U�V0WPß�XY4[Z Ý�L�N�\�]^���LÙ�1_3�'a`b Jdc áÏÔeL0N[� f�� g specific intensity of radiation à)á
3PÇMh�i^2 intensity j Ù Iν 	Mk�l 	�Ým # dσ � m 	on0� θ Ù*�
�*p�q�n dω ����ras*t�u_�Tá�L�N[�wvMx}Ý�y�z�{ dν à�(YZ��|�} Ò_~a�
Ç
dEν = Iνdσ cos θdtdωdν (A− 2.1)

	��)á}ÔeL�N������0�;r�2M�^� ds ��Q0RTÙ�t�Z5uK� á�	��Ná�	<L�N�\
][����Ç
dIν

ds
= −κνρIν + jνρ (A− 2.2)

	��)á Ôo����ß Ý κν 	 jν Ç�Q0R���i��0R*�
Ý�i���y�z�{�à�(KZd��L�N����a����{F	���N� ß)à
á ÔeQ0R�2;� á��a�����a������N�2�7_B
'��
�K�o� b á}Ô Kirchhoff’s law
ISJ

jν = κνBν (A− 2.3)

)��DZ5p;��Ôo����ß
Bν = (2hν3/c2)/[exp(hν/kT )− 1] (A− 2.4)

Ç Plank $���ßaA&B Jdc á��0q�L�N�� intensity ß�Ýd� c ÇÏÝ����_ _26Q�R&�6¡�� T )�Û�/ß&%�á��
	 Ù�¢
£;�Ná_�
	oß
àSZ Ý local thermal equilibrium (LTE ¤¥�a��¦�?�@ ) � ÚØÛY	�3wv ÔG�H;O�P �M§0¨�Ý Õ)Ö
×[���zß Ý�z�©;�_r02 â�ãLÙ_	_Z Ý�L�N[�6���;��r�) z�©���r^	
�*��n��,Ù θ 	zÜÞÝª4�( Ý���«� 0�6�w��Ù

dτ = −κρdr (A− 2.5)

ß6���0�Ná Ôo� cKJ � ÚØÛ�Ùd¬v*	
cos θdIν(θ)/dτ = Iν(θ)−Bν (A− 2.6)

	��)á}Ô
L�N�\�]Y���0�_� Ù�1 lM( b 2�®���¯,Í�°ÉÙ��wB�á�Ô intensity �0®���¯,Í�°�	TÜ�'

mean intensity Jν Ý flux πHν Ý mean momentum flux Kν Ù
Jν =

∫

4π

Iν(θ)
dω

4π

πHν =

∫

4π

Iν(θ) cos θdω

Kν =

∫

4π

Iν(θ) cos2 θ
dω

4π

(A− 2.7)
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ß Û0/��FáÏÔ�� c�� c Ý�L�N |�} Ò^~
���0�
Ý |0} Ò[~����	��Ý�
�z����	�[2ÏÖ���Fá
�Nß Ýd� cYJ Ù�W�3�á�	±Ý�LaN�\
][��� (A-2.6)

ISJ
1

4

dHν

dτ
= Jν −Bν , and

dKν

dτ
=

1

4
Hν (A− 2.8)

)�� Jdc á Ôo�M� �a����Ù����a���Tá�( b 2 Ý�L�N���f
��Ù�����Õ 0 ≤ θ ≤ (1/2)π 	��	�Õ (1/2)π ≤ θ ≤ π ���<�;r��M�a$�2�$	�zÝ k0�*k0����?! I+
ν 	 I−ν Ù

I+
ν =

∫ θ=π/2

θ=0

Iν(θ)
dω

2π

I−ν =

∫ θ=π

θ=π/2

Iν(θ)
dω

2π

(A− 2.9)

	�k&% Ý#"�®0�0¯�Í�° 2 ��3
'�� Ý�k��*k0������ÕNß�����?! �� intensity ß�$	%4Ü�'�#�$
�Ná�	ÞÝ

Jν =
1

2
(I+

ν + I−ν ), Hν = (I+
ν − I−ν ), and Kν =

1

6
(I+

ν + I−ν ) (A− 2.10)

	 à J'& �Fá Ôo���)(�� ISJ Ý
Jν = 3Kν

	��KZ Ý�� c Ù*��� ®0�0¯�Í^° �*����2,+����Ná�	
dJν

dτ
=

3

4
Hν , or

d(I+
ν + I−ν )

dτ
=

3

2
(I+

ν − I−ν ) (A− 2.11)

	��)á}Ôo� c 	�� (A-2.6) Ù,"���ÕNß���?! �) consistent 2
��á��;v�2�	Ïá�	
2

3

dI+
ν

dτ
= I+

ν −Bν and
2

3

dI−ν
dτ

= −I−
ν + Bν . (A− 2.12)

����§
¨
Ý dHν/dτ = 3(Jν −Bν) 	��KZ Ý � (A-2.8) �,- 1 �,Ù*.�(;���a3
) Ý#/Nß10Ná���v�2 Ý
�a��?
@�ÙoÚØÛ;�Pá�	±Ý J = B 	��KZ Ý H ��2!3�Ç_	a��2�4�B�á_�
	M2a�)á Ô5 ����6�7�ßFÇ opacity ��8�9�:�;�<>=�?	@BA�CD8�9FE�G�H�I�J�K�LM=�?	@NA�CPODQR)S 5�T�U�V SXW1Y[Z�\!]_^�` <ba[=�0_c1Q!d	H S 8!9�:	;!<e=*f	ghA*C)i!8	9 U�j 3
A�Q_k Z H)l�m1C�?_n�c�oqp�r,H SXW1Y V�s�t ^ U�u c_G	A*C SXvxwb^ H�y \!z

J =

∫ ∞

0

Jνdν = B =

∫ ∞

0

Bνdν (A− 2.13)

R){}|�~'� C�mbc�G,�_c�o�� Z��	�	S�� (A-2.8)
Z - 1

�M��|
H = const G ` c�o��!����r Z� J��!�����x� R�` m Z U �!� Z��x�!�1� G	A�C τ = 0

U�V
I− = 0 G*��c_G

πH = πI+(τ = 0) = σT 4
eff = L/4πR2. (A− 2.14)� Q S dJ/dτ = (3/4)H

S �1l S��!� I!J ��| πB = σSBT 4
`!Z U S��	� 31� V

T 4 =
1

2
T 4

eff(1 +
2

3
τ). (A− 2.15)

��� V Eddington �	 ¡G'¢�£Mr¤��c�o�A�Q R�� C S �!� U�V T = 0.824Teff

S
τ = 2/3

U
T = Teff G` c�o¥	¦ W!Y�Z�§!¨ =�©�d�c!H V S�ª�� =�y	K	L Z�� (19)

Z�«_¬N| H��m S�®�¯PZ���S±°² ^�`�³}|´� m S¶µ���·�S �	�)���x��¸!; Z�� G ®	~ A,C�¹»º)�1G�H ` c�o½¼ t W1Y UZ ���D���	��¾�¿ V f	g U O!c Z U ���)�À�!��¸�; V Lr = L(= const)
Ubu c�o ¥	¦ R�ÁÂ �[c \�][^�` photon

V
τ = 2/3

UDÃ r�� S T = Teff

Z���� I�JeH)Ä�Å��[cÀ��G)H ` c)o� Z�Æ p U Z�Ç�° V a1È Z ¾�É R f�g U Oxc Z U Mr = M G µ m!C�Ê!Ë \	zÀZ�� = j	Ì
A*C

P =

∫ R

r

ρ(GM/r2)dr ' 1

κ

∫ 2/3

0

(GM/r2)dτ. (A− 2.16)

�	� U κ
V \�]!Í =*�_� [=

∫ τ=2/3

τ=0
κρ(GMr/r2)dr/

∫

ρ(GMr/r2)dr] o � Q S I!J Ç V�Î!Ï � j =Î�Ï�Ð�Ñ�Ò Q | H�¼�Ó��[c�Ô�¿�È U_u cx�Mr S Pr = 4πK/c
Ubu |ÕS �*�b�MrÖI�J \�zÀZ�_R�× �x� ,

dPr

dr
= −4πκρ

c

dK

dτ
= −κρπH = − κρL

4πcR2
. (A− 2.17)
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� � � � � � � � �

2.1 	 
 ��������������� ���������! #" $�%'& (
barotrope ( ) � $+*�, ��-.��/10 ) 243�5 6 78:9

eqs. (9)
9

(10)
$<; =?>1@�A#B.C 8 � DFE G 7�H Polytrope

$ 9JI#K @'A#B 2
P = Kρ1+1/N (24)

(K, N
$ 5 0 L polytropic constant

8
polytropic index

8NM.O
)
8+P�Q > R1��L S 7T 9:UWV $ 9YX[Z \�]�^�_ �`(`a Q'b<c d 2+e fg7 8?Q hji L�k.l � 3[5 LS 7!H %�& �`(?m[n 6 7 >�o.(1@�A#B 2qp#rgs'tg6 7!HJuwv *�, 8 u�v[) �2'x V`y<V ρc

8
Pc

8[dz9
θ = ρ/ρc, $ = P/Pc (25)84P { H}|�~ 8��<� ( ].Q'� $ 9 x V y�V�9 |�~#� 0 R0

8���� � 0 M0 2q�.�d4�
ξ = r/R0, ϕ = Mr/M0 (26)84P { T 9!UWV � � � 0 2

R0 =

(

1

4πG

Pc

ρ2
c

)1/2

, M0 =

(

1

4πG3

P 3
c

ρ4
c

)1/2

(27)

8 6 7 8z9���� �!B 8�������� �!B $ p#r�s't L � �
dϕ

dξ
= ξ2θ,

d$

dξ
= −ϕθ

ξ2
, $ = θ1+1/N . (28)

� � (
ξ′ = ξ/

√
1 + N

9
θ′ = θ1/N

84P {18:91�:� �w�'�#��@�A#B
1

ξ′2
d

dξ′

(

ξ′2
dθ′

ξ′

)

= −θ′
N

(28′).

T1� �:V 7!H eq. (28)
S 7 Q $ eq. (28′) 2 Lane-Emden

@�A#B 8NQ h H
2.2 Lane-Emden

E
Lane-Emden

@[A.B $ 9
polytropic index

T
0 ≤ N ≤ 5

�w� � (#S 7 8 � 9��#� L )� 8 *#, T�� � ([� 7 9 6 ��� � 9 $1 = 0 � θ1 = 0   ([� 7+¡#¢#£#¤ 2N¥ > 6E T1¦�§ 6 7!H R hq¨ 8N] � ¡[¢�£�¤ $ uwv (ξ = 0)
L 9

dθ′/dξ = 0
L�S 7 �©5�ª( a D u1v L $ θ = 1

LgS 7 U[8 (!«[¬  HJ® ( 9 N = 0
9

1
9

5
�!¯�° (#$ 9 E[±E T1¦�§ d:9











$ = 1− ξ2/6 N=0
�+¯#°

θ = sin(ξ/
√

2)/(ξ/
√

2) N=1
�+¯#°

θ = [1 + ξ2/18]−5/4 N=5
�+¯#° (29)

8 � 7 * H U4V � � u<v 8���� � ¡#¢.£.¤ 2+¥ > 6 E 2 Lane-Emden
E 8!Q h H	 
 ��������'�w� ��*[,��[² 2w³ 1

(?´ dz9 ®[µ 2 � 1
( ¶ 8 o#> H

* N = 5
�?¯�° $ 9

t = − log ξ′
9

z =
√

2ξ′θ′
�!·�0�·[¸ 2 dN�w¹ � 6 7?H

8



0.0001

0.001

0.01

0.1

1

0 5 10 15 20

θ

ξ

1

10

100

0 10 20 30 40 50

ϕ

ξ
³ ��� 	 
 � �'�g� �!*�,���² ����  8W��� �[² ���.  H��	� $ ��� |'~ ��
� Q @ \ �

N = 1
9

1.5
9

3
9

5
L 9�� � $ N = 0

�1%��*#, � � ) ���#² H i � $
N =∞

���	� � �?¯[° LgS 7?H
�

1. Lane-Emden
E � ®[µ

N Ξ Φ ρc/ρ
0 2.449 4.899 1.0
1 4.442 8.886 3.290

1.5 5.777 10.73 5.991
3.0 13.79 16.14 54.18
5.0 ∞ 25.56 ∞

�'�w� � p�r�s�|�~ Ξ
9 p#r.s ��� Φ

$ 9
N = 0 6 �<� � 9 *[,�% 5 ��� )��µ �.� � 8 ��� R�
 � { 9 N

����� 6 7 8.8#8 R�(���� 6 7�H N
T�� � Q 8IgK @�A�B T

soft (
*�, �w· t ��� ( ) � �w· t T 
 � Q )

(�� D 9 u<v \ � ("! \$# ��¹ � 6 7 8 *#, T&%"' dN� R ) � � %"' T 
 � Q >#o 9)( T #>! ." *�� 7wH U ����� �+��° $ 9 |�~ �<@ T ��� a D � � { 9 u<v *., 8��, *#, ��-
ρc/ρ (= 3Ξ3/Φ)

$
N
� Z�. �"� /10 8 � 7!H}® * 9 N = 5

�!¯�° $ 9
|�~ Ξ

$ p / � *�� 7 T 9 ��� Φ
$+k / * 8	0 ¶ 7 ** H

2.3 u1v *�, 8 ��,
Lane-Emden

E a D 921�3 � ���
M
8 |'~ R

$ u�v *�, ρc

9 u�v.) � Pc

��/�08�d4��9
M =

[

1

4πG3

P 3
c

ρ4
c

]1/2

Φ, R =

[

1

4πG

Pc

ρ2
c

]1/2

Ξ, (30)

L e f ��V�9+U�V 2�4 �65 6 8:9��<� M
9 |<~ R

� 1	3 � u1v *�, ρc

9 uwv[)�
Pc

$ 9
Pc =

(

Ξ4

Φ2

)

GM2

4πR4
, ρc =

(

Ξ3

Φ

)

M

4πR3
(30′)

8 � 7?H 	 
 ������� �?¬ 7 6 7 8#U�8 $ 9 ����� 9�: Lg� ) ��;	< 8 *�,;�< ��- T
d log P/d log r

d log ρ/d log r
=

N + 1

N
(24′)

** N = 5
�!��² $

stellar dynamics
L $

Plummer =�>�? 8 R M @1V A�B
9



��� � �N¥ ��� �	� 
������� A�������� � 1�3 ����� � -�� � A � ���� � ! 
#"%$'& : ��(*)�+*, * � A 1�3 ��-�. � N ' 3
� ! �0/�1 �2 354#687� A ��� �:9<; 6�7%� A *

B>=%?�@*A �0B%C<D�E�F

P =
k

µma
ρT (31)

(µ
�

ma

�
k G +",<H�I�J<� atomic mass unit

�
Boltzmann K<L ) �NMPO Q �5�  ��RJ �TS�U V M� = 1.99× 1033 g and R� = 6.9× 1010 cm W � F (30′)

*0X�Y � A � � $'&*Z[ �]\ [ �0^ K*_ G
Tc =

µma

k

Pc

ρc
=

µma

k

(

Ξ

Φ

)

GM

R
' 1.2× 107 K,

ρc =
1

4π

M

R3

Ξ3

Φ
' 77 g cm−1.

(32)

`%a�b � $�& �cB�C G � R J M
� S*U R d�e Q�7 �f=<?<@%A �'B<C D�E�F��g*KP� A �ih*j +�, ��F V 30′ Wk*l A ! 
	d

Tc ∝M/R, and ρc ∝M/R3

�m n oTp A�Brq�s G	t�u �wv<u ; < ( t�u�x<y ? z�{ �i| x�y ? z:{ ) � �} 3 . � ��~%s G R J���� �� A�B ��p o �0F ; owS�U ������� A �
T 3

c /ρc = (µma/k)3(P 3
c /ρ4

c) = (µma/k)34πG3(M/Φ)2 (33)

�0" A�B Q'� � 6�7 � R J � m n oTp �0h�j +%, � `*a�b � $�&�Z [ �c$�&\ [ G Tc ∝ ρ
1/3
c d	�i6�7��%��� A�Bk� � � R J ��� � �<� �	$'&�Z [ G Tc ∝M2/3

�� ��" 3 � � A � G � $�&%Z [ ��� �  ��p @0� ρc ∝ M−2 �'" 3 �5� R J 3� ��$�&�\ [ ��� � � B $�&�\ [ ��$�&<Z [ ���*� G �f��� ���<� d ���� Q � polytropic �*L ��� � � E � $'&�Z [ �	m n%� � � � $c&*\ [ ��� � �" A�B� � d � F (33)
; o�� � � p A `�a'b � $�&*\ [ �0$'&�Z [ �0 %¡ � ����'¢ � �' �¡ �T£ � Q�� B j�¤<¥�¦ ��§ ¨  G R J d ! o�© ! �]ª�« Q�7� A B ¢ � �� P¡ � �¬ d �� R JP� ��-�. G%��® q�s d'��6¯7 ¢ ° B � �

7M� ± ² � $ � R J � ��¢ � ��  ¡ G'j�¤P¥P¦ � � �c�Z [ � ² � A*�*��#p G �8~ �³ ´ A ! 
Nd � $c&P�j%¤ � ¥ n'µ � 7�j�¤�¶*¥�¦ �0§ ¨ d�"A � �·�¸ ��¹<º Q�7 » � t ¼ �'½�¾ Q �f��� � $'& d ;�; AN¿*À R J VÁ$& d�Â�Ã � A R J W ��� � ��" A �<Ä% � A�B� R J �  G'j�¤<¥�¦  $& d�e%Å ��Æ Ç � A:��� e�Å ��È ��A $�&�É ��R J ��Ê%. ��� � �P��Ä �� À�Ë G � � � B�Ì�Í G ~PÎ �³ ´ Ï�Ð I%Ñ�Ò ��È � Ï	Ó�Ô �	Õ Q�� ��Ö � ��p ! 35��\ [�×  GcÐ I Ö Ñ�Ò v ��Ø�Ù ��" 3 ��=%?�@%A Ö B%CPD�EF � 2 3Ú4 �*" �Û"�ÏcÜÝ� ���l Ï ! 
Nd � ��Ö	Þ�ß d:����Ï � �%� G	à�á� Ï ;�� �<Ï��<G � É<â*ã d Ì%ä Q�� -�. GNå*æ � Ï ���cd�"�Ï�Ü
2.4

(*) Ö�ç<m � R J èêé [ ë �
* x<y�ì z:{ Æ�Ç:í d ë � Ï�î ï�ð:{ ñ η = (Lr/Mr)/(L/M) ��ò Y � Ï � � |�óô Ö F (19′) G �(�)%+�, Ö -�. d%G

d

dP

a

3
T 4 =

κηL

4πGcM

�0" ÏcÜ κη G � κ
� Z [ ��õ � ·%¸  � � �#"PÏ�Ö�dce Q � xPy�ì z*{ ÆPÇí GcZ [ Ö'� ��$�&%ö  � � �#" Ï%Ö� �f÷ �PÖc��ø ��ù�ú � Ï ����d%"Ï�Ü�� Q � κη Ö�û ü��Pø �:ý þ  � Ï -P. G � ��Ö�ÿ H D%E F G�� H  �7 � a

3T 4 = (κηL/4πGcM)(P − Pps) + a
3T 4

eff �c" Ï'Ü	Q'� � 6¯7 � Õ���/ ����� � P � Pps

and T � Teff  G � ��L N = 3 Ö�� � 	�
:{�� � !� /�1 d�" 6�7  Ï0Ü
10
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� ��� � � 	�
�{ � `*a�b V polytropic index N = 3 W�Ö%$�&�\ [ � $�&�Z [ Ö  ¡ V ���%Í ; M = 1M�

�
1000M� W � ��� Ö ¢ ����� Ö�� Ë V �*Í W � Öc£ � ÜªÌ�	�Í G ¢ ����� ; o�
w6����� � 
:Ö������ � V���� � � W ��� !���� �! " ¥P¦ Ö Ì�ä § ¨ Ö�$�& Ö�\ [ � Z [ # Õ $�Ü�% Í d�& Q'��L)( G ��� ÖR J

(
�P R J

M� *,+ )
# � $�Ü.- ��Í G � Ð I ��Ñ�Ò $ Ï0/�1 (µe = 2 Ö � �Ö Ψ = 0)

� !2� Ð I Ö�3%ø x y�ì z�{ ��ù e�4 5 d%"PÏ�/�1 V76 Í W # Õ $
(6.3.1 8�9�: ) Ü
`*a�b Ö R J ��� � �#"PÏ � � \ [ d0£ QN7�Z [ � � �#" 3 �f(%) Ö À�Ë� t�; d�" 6�7 ��ÏcÜ0<'Ö -�. � B�C D�E�F G =<?�@%A Ö B�C D:E�F (31) ÖX 9 3Ûd

P = Pg + Pr =
k

µma
ρT +

a

3
T 4 (31′)

� " Ï*Ü ( ) Ö À Ë # Õ $ � Ä d>= v u d ?�Ä Ï ` a v Ö Ê . # β @�KA Q �
β = Pg/P = (kρT/µma)/P, 1− β = Pr/P = (aT 4/3)/P (34)� � � Ü (*) #CB�D QN7 � ��E�F Ö Tc ∝M/R

�
ρc ∝M/R3 Ö ë � GN2 3Ú4 GIH

k

µma
(T 3/ρ)1/3 +

a

3
(T 3/ρ)4/3 = (4π)1/3G(M/Φ)2/3. (33′).

F
(30)

#KJ �CL $ � H
1− βc

β4
c

=
(µma

k

)4 4πaG3

3

(

M

Φ

)2

= 0.77764

(

µ4

Φ2

)(

M

M�

)2

(35)

� " 3MH β G R J @ ��� 3NHÝª�K Ö	_ # � � < � d�"<Ï0Ü `�a v O Ø*Ù (1− β �
1) Ö � � @ G�H F (30′)

; o Tc H ρc

� � M d�£�PQ$ Ï:Ö>@2H 1−βc R `�a�b Ö�S>T
M Ö 2 U d�£�P VCW�X�YQ$ Ï < �!Z�[ Ï0Ü�\�] Ø%Ù Z�[ Ï � H βc R S>T Ö 1/2U Z â�£,P VCW ½�¾ $ Ï < �!Z�[ Ï�Ü.^)_�Öa`�b R H 1− β ' 4.3× 10−4 (µ = 0.6172)�ac�d�e O>f>g 5�@ih�Ï�O'H M >∼100M� Ö j k [�l S>T Ö�m�nQ@ R \�] e Ö0ço O>p�q V0W rIs�tuP v w!H M = 100 H 1000M� x y>z {2z β = 0.5634 | 0.2068 t.\�]e O�}�~ [�l S2T ��m�n �a`�b,|u��� �a��� (33) R

T 3
c /ρc = (4π)1/4(3G/a)3/4(M/Φ)1/2 (33′′)
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� [ � | S>T������ R�� r [ s�t ( 	 
��� ) t
2.4.1 Mass-luminosity relationc�d�� ����� � luminosity � L R�� � 19′ � x |������ r�� � v�W Mr 'M

� ! r � |
L ' LEdd

κel

κ
(1− β)4

1 + N(1− β)

(4− 3β)(N + 1)
(36)

"�" x | κel R$#�%�&�' Z j>s$(*)�+�, x h � |
LEdd ≡ 4πGcM/κel (37)

R Eddington ��-*. ��� �$/ w z |10325436 Z hQs!m)n �7��� �98 -*: � ov s>t<; [�= > | mQn �*�5� ? " �@: �BA v s � | #�%3&C' Z j�s�\Q] e?�D E �@8 F � 0 G [ 4 6 H I ?�J K x L [ M � M k " � x h s�t l NO n x P |Q25R3SCT3U V x W7X�Y Z@Z�[3\C] ?_^ ` ; s�?�| \)] e ? }i~
(1− β ' 1)

[ � x
d log P

d log ρ
' ∂ log P

∂ log ρ

∣

∣

∣

∣

ad

=
32− 24β − 3β2

3(8− 7β)
' 4/3 (38)

� [ � |ba Y�c�d P N = 3 e f gih�j3k x �$��l x L s j k Z�[ s�t N = 3 �`�b P | c�d9� a Y x β ?_m_n Z�[ s � x | W�X �$: x@o Lqp vQs " � ? xL s�t M >∼100M� � l�N O n x P | 1− β ' 1
� [ s*r�s�|

L ' LEdd ∝M (39)

�$t � |<��� � N O u�v�w$x5y ; s " � u t s!tzm�{�|<| } � 10 ~5�3� � jk t N O ��m�n x P | (35) j � β ' 1 | 1− β ∝M2
��t s>� x |

L ∝M3(κel/κ) (40)

��t � | m�n ����� P | N O ?@� � r t s �����*� u���� u���� ; sat

-4

-2

0

2
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6

8

10

0.1 1 10 100 1000 10000

lo
g 

L
(L

o)

M(Mo) 
	 3 ��e f g�h�j k���� � �_��� � N O �3�5� ( ��� |
r3� � |Q��,C+�, �9�5� ���C� )

� ,5: ��� x�� s3r����� n � N O �*� �@+ �����5� t
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	 � u WBXQx ��2�R�S�T�U V2| ; t = > | ����� u���� �$r � L � zero-age-
main-sequence | ��� ZAMS

��� ;�� � N O � ��� �_�_+ �
	 �Br � � x hQs!t8�� ���, N = 3 �*e f g�h*j3k������ P j r ����� n �9��� ����� ��� Ms�t�� u | l�N O ��m�n u Z �
� j r�� ��� � � P |Q4������ ?�� r�4��� � ?*� � M r�s�!#" ��$&%(' )�j+*#, x #�%�&�' ?.-�/ G x10 s�r�s x 0s�t " z u Z �
� M <∼10M� �32 x P |54�6 x#7 s&8 9 u ������� ?_�3? � |;:r'|=<&> �94��1 5� �@?&A ; s�� x | #�%�&5' u 8 � � free-free B�C % �7()5� ��D o ?FE
GH� L ��|z(�)3+�, ?JI L r t s�t " �5r�s2|z��� ?*� � rt � | N O ����� ?.K r t s!t � L u | |C} N O �C� x 8�� ���7+ M L P�Nz ����� � N O �3� ? � r t s�t " z L���O&2 x P �5�#�3� ?�P r �5� Z[ > ?�Q r t � | �5M u P | W9X u : x � ; s�� x |b��� � a Y ��R G t cd ?�� � | e f g h_j3k��, ? N = 1.5 � c�d u t s*r�s x&0 s�t
2.5 �������

N = 3 ��e f gih�j3k x ��l x L s3S�T P ��� � �@��� P�W@X ��� u 8 LN 8&� � N O �5� ��+ x o v L z s�t " � N O �5� ��+ P Lane-Emden U ?V W x L s3� m t�X �&Y�Z ��[#\ � �]� M s_? |123R5S�T � ���3� 2 ��UV : x P X � P vCw m�^ u J r z s2t<m5{)|`_�a P � (30′) M L R ∝ Mρc/Pc =

Mβc/(kTc/µma)
� W_X ��� � �5� �_, t � x |bO#2 �9�5�c�5� Teff ( dce u P�fg ��� ) P*W9X ��� ����� u 8�h ; i3j �Br*?kGH�'|b����l ?�}�~ x10 i
P NO ��O�2 x P

Teff =

(

16π

3

)1/4 (
µmaG

kΞ

)1/2(
1

κ

)1/4

T 1/2
c M1/4 (41)

��t � |]:�r!|=!�"�l ?�}�~ x&0 i�I N O 2 x P
Teff =

(

64πG

3a

)1/8
( ϕ

Ξ2

)1/4
(

1

κ

)1/4

T 1/2
c . (41)

m n&o U V x P |b��� � � W7X �C� P N O �5��� u�p q ? A ; i�?�| m no�r �+��������� ?.K M r�s�|Q�,� O P I L s t M � 	 
C� ZAMS
! 8�t uf�v�w9S�T�U V7�3��xj W7X ��� �$�i� �]y u ; i � | 25R�S�T�U VQ�9����5� P |zP N O x P N O � 1/4

uBx5y �]�_8�h � |�I N O 2 x P N O u � Lt s t i�j 	 { u ZAMS ����� � HR 	 � f g ��� � ��� � |�}#~$� u 	 �Br?'| 10 ∼ 100M�

u�x&� i � 100 ∼ 1000M� �$������� �]� M ?@� � s t GH� M i�j
2.5.1 Hayashi �3�c� \�]���C� 2 8 � � W_X �3� ?(P M ��� � x P _�a ?JI L s | �5� P � = L tM � x ���#��� ?�P M " � u t i (Teff ∝ R−1/2 ∝ T

1/2
c ) j �]M � |z������� ? 5000

� s L M 8 � P s t i � 2�R ��u f�v+wQ� #.� u+� 9 Z�[ ?FQ s t � | c�dP N = 3 �*e f gbh*j5k � P�� t GH� s i�j������� �($ � g h&��j P
s =

k

µma
ln(T 5/2/P ) + const (42)

x&0 r.� L z |��$r*?�GH�2| ��� � � W�X �.$ � gih&�9j sc P
sc =

k

µma
ln[R3/2M1/2(G3Ξ3Φ)−1/24π(µma/k)5/2] + const (43)

x |5_(a ?(I L M | ; t = > | ������� ?+P M�� |5I L s t i3jk:9r!|1e f gh*j5k�����n ; i � ��� � a Y x �($ � g hc�9j�Y�Z P
s =

k

µma
ln[KNT 3/2−N(k/µma)N+1] + const (44)
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	 4 � HR 	�jQ|���� P Zero Age main sequence stars �!�i�x | y ��� ��� P�y'z {'z � N O � ,�� x � ��r�O�2����� I ���,� �a�,� � �C; j
�@t � | N > 1.5 ��S1T P�W*X M L �C� ���C� ? �C� ; i �C�5� u $ � gqh�9j P ?#A ; i3j polytrope n�, K (P = Kρ1+1/N) P (30) M L N O � _Fa � �	� u

MN−1R3−N = (4π)−1(K/G)NΞ3−NΦN−1 (45)

����+ ?(� � � � j�� u | N = 3 ��e f g h�j k���S&TQ| K P _�a u �C� 
N | N O ��� x� :�i�� x |1��� �J$ � g h&�9j ssurf P
ssurf =

k

µma
ln[T

−3/2
eff (M/Φ)2(µma/k)44πG3] + const (46)

��t � | �*� � ��_Fa ?(I L s t � ������� ?_�5? i � ��� �.$ � gbh&�9j� I L s t L t � z w t L t M j
mC{i|b�C� � P � � �	� . ��� (22) ��� r � t ��� � t L t M j � � ?

5000 K � � u t i ���CR P �1�1T �+� W	� u t ��� ��! "$# % �3� u9�C�& i�j H− '�( �	) 8�i ��! * -�/ + )-, i � κ = κ0PT α(α ' 3) .0/�1 . 2#i
( 3�4 % '�( �65 $ %J' )87$9�P :<; = > ?A@$B C<� i ) jEDGF *IHKJ��ML8N
(photosphere) 9�O-P Pps

%
Pps =

(

1

κ0T α
eff

2

3

GM

R2

)1/2

(47)

�Q,�R�STFVU D � κ = κ(Pps, Teff) .�/81 D�F�SXWZY [�\V] & R �A^V_ .$9�`Va�bc [6d F & LeN 9ef g hIi$j�7 sps

%

sps =
k

µma
ln[T

(5+α)/2
eff 4R/M1/2(3κ0/2G)1/2] + const (48)

. L = 4πR2σT 4
eff

*	k l ?mYVY � � ^V_Vn�� 9Xo�p q # �X: r0W���)0,$R�SEDQF*IHKJ	� s	t *Gu 2 vm, � ^�_�nV� * C * R � ssurf > sps �X, ���ML0N 90f g h
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i j	7 [�� � RQ^-_���� .���	 *�
 � & R W��<)8, R<S sVt 9�o�p �-��) WQ9�^�_���	�� %�� v�,$R�S���� )���� 90f g h i�j<7 Ao8p D � sc ≥ sps)0,$R ����� N��� * ��	 .�!#"�Y R#$ rE)e,$RQS
��� N��� * ��	 )0, H F %	2<9'&�( %�)+*�, O *.-�/ . 20R10�2 % N = 1.59�3 4 h�i�7 50.	/�1 . 28RGS N = 1.5 960�2 % polytrope 7 # K

% f g h�ij�7�)8��9 & R ) � 9�: (45) ) LeN f g h i$j<7V9'; [=<�> & R % ) LeN %�.� 9	f g h i-j�7 *6? D�: %�: r b c > ?
L1/2T

−(7+α)
eff M2 = (

k

µma
)5(

σ

43π3
)1/2 3κ0

2G4
ΦΞ3 (49)

% L�@ %A^V_Vn @ 9	q " *.A >0Y RXS n @ 9CB D *�E�F ) u 2 :8F�G )H�� * ��	 . I�R'J�K . %�) ^8_�n @ %�L�@ )�L MON�P D�, v�, Q )�R F )TS�U9Xo�p�q # %X,-RQS WX9	q " *6V QXW Y$9 %�) n @ *�Z$* R %O��	 *8
�� D��� N * compact )�, R W�% )\[ Y %�%�G) )X]�^�_�` 9�n @ N�P�a b�c :F�G8d�e f�g C vih$R0F�G�j ) W�Y $ QXk�n�l j m )n*�,�o�p b V QqW F�hvrh Q ) J�K m�s�t o�p j$: ? Y hV:0Svu�w ) -D ]�^�_�` bGn @ f $ ?�h:03�4�x�y ['z�7 D ) ��	 9 
 � [ -�/ D�F80�2 f#m ) s�t f $ ?={ N = 39.&�( b�|�} f�h R�S R F ) H− ~�� g6f���� h	3�4 m ~�� g�5 f#��� �V798g C�: ;�= > ?T@�B C�Y Re9Cj ) ;8= U 98g C :8J�K j m ) κ0 b�g C vihQ )�� �6� g @ m�� vrh$RQS
��� 9	q _ (49) m HR � j6J�K b�P�� j �eR�^V_�n @ 9 Z�� [6^#� S�WX9Q`a�� [���� ) WQ9�k�n�l f�� 9����C��� %=��� ) s�t o�� h�J�K m'P�� j �h8: W�%�f�h R Sv�$n�l j m ) ��� 9Vf g h i j��#m K ∝ R3/2 j s0t b6���� R %�g C v1h R���j ) ^$_���	#� ����� f *�,�o�p ���C��� [ 8Y ���N b���� � R W�%�f�h�R S�J�K m�  4 f�J�K�¡�¢ ��£�¤ [�¥ D�F�b ) k-n�lj m�¡�¢ �'£�¤ m�¦�§.¨C7 �Q^V_Vn @ f'© R HKJ � J�) W'�8ª�l �'��� f�m> ?=h�«GS�W�Y ?��'¡�¢ �'£�¤ m'J�K�¡�¢ �'¬� ��® ¯�j�I Q ) ¬ j�° R�$r�f���� f s	t �8g C.«�����± b�P�� � R6b ) K ²�����b6© R HKJ�� R Y�F³ > Q´¨�µ h6¶ V ��·�¸�K ��.µ f.k-n�l f�m8P�� j �Ch�«�S � R Y F ³> Q��6·#¸�K m W��G`-a#� �6� f�¹�º � R %�s�t o#p f�h Q ) f ��� ���[�» r�%�%��f L�@ [ Z ¼½)TSCU j�¾ R R )À¿�Á�Â �'� @ f�Ã «8; R j Z bR % ) �8��� f *�,�o�p h'��Ä b�j � ) W'�'� ����Å�� [1Æ�Y J �8n�Ç %È¡¢�� RXS
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3 � � � � � � � � � 	 
 �

Lane-Emden � m� ¨ ��3 4 h i�� 5Cj0^$_ � ���Q`-a$b c [Qd F�� ���N �'s�t o�p &�( [6^#� S���� � ) u�w ����� N j m�3 4 h i���5�� ` f��9 � R d log ρ/d log P m���� j��#¢ � R<S R F ) `-a-b c  )�� l ³ ± ��9 b��� J « R N�� j�� R Y F������ ��&�( [X\ l R�0�2 m! �" ��`8a�b c b�#$ j I RGS�WXY %.�'& h R�b c f���9 � J�) ��� N m Lane-Emden � %�m(&h H F*),+ [.- Y W�%.f�h-RQSN ��/ �(021�P Á b�s�t o�p � �%43 Qer R65 R,7�R h')98 (morphology)[.¨,: ; f�<9= � R�f#m )?>A@ �CB f'D ��EGFA� h U H!I «6J�K b�°�L �M « N,O�b2P %RQ9E�« S�TVU6W � M X f*Y9Z 5(Q S >A@ F��A[ U \ V
H.]6^

� S!T
U ≡ 4πr3ρ

Mr
=

d log Mr

d log r
= 3

ρ

ρ̄
, (50)

V ≡ GMr/r

P/ρ
= −d log P

d log r
=

r

HP
. (51)

N,N1j'\ ρ̄ [≡Mr/(4πr3/3)] m._ � ��� � o,`�acb \ed(J�\ HP (≡ |dr/d log P |) f pressure
scale-height g�\ih6j k'�#¢ l S*_ � m'n 5 m(o9b HGp J�q S2TsrCt u vRw �JAkc\ U f�x q %�Q J'_ � m'a6b Ozy mC{�| m _ m�}C` a6b m'~ H \�� M� \ V f�_,� m!� jC�9�2� ��� O�� �9�2� ��� m!~ p Sz�Cf shell

m�n �GH*�� O m*~ g'� �*J v m g p S!T� �A� g,\�� � �R� �c���C� H x q S O ��� q �,�   �R�A� ¡ H�¢ Y lS O4£¥¤G¦�_ m j,§�¨,© f�t � 9 £eO � 10 £ig2ªcY � Q S NcO H�« E ¬'J�k'\�NQ  m K�®6t f'\ 2 ¯ m'° � K�® t u9±�²³E � S�T�N�Q u�D �!E,\!N�Q  m
homology invariants

H�´ �6S O¶µ�· },¸ m Kz®At f
d log U

d log V
= −U + V N/(N + 1)− 3

U + V/(N + 1)− 1
(52)

O�¹,B � Qz\Cºi¯ m*° �9K�®�t u�»9¼ � Q S*TV½c¾�¿,À f*\¶Á(Â g
U = 3 and V = 0 (53)

O*± ÃÄ\�d(J�\?Å Æ m'Ç [ k � j9È u*ÉcÊ � Q6Ë!Ì Í.Î qCS OÏ��Ð f
U = 0 and V � 1 (54)

Í.Ñ Ë � ±AÒ'Q ��± �±G��TÓ Ô f Lane-Emden Õ Í U − V
Ó r u�w �(Ë v m g p S�TÖlA×CØ6Á'Â g U = 3g�\ ��Ù a,b m N = 0

m*Ú,Û m Õ U = 3 Í(Ü Ý'OÞ\ U f��,Ð ucßGà¶²³Ø2áAâ u�ãä �R\ U = 0 \ V � 1 u�å � Ø9� S2T Lane-Emden Õ f N = 0
m Õ U = 3 O N = 5

m Õ
2U + V − 6 = 0

mzæ u*ç,è l S!TVá � m �   �Ï���9¡'g2r,é m 2 ½c¾,¿,À Í.Ñ Ël v m f Lane-Emden Õ u�Æ 4Q S!T��ê È u�f*\ polytropic index N f�t (52) k(ëA�9ìGí g p S�Æ Ã U î V
m�ï,ðmcñzò g p ²óØ ô Ýöõ¶÷2� È u!øCù g p�ú ��ûc� g p6ü'ý N

m ¹Aþ Í*ÿ � �r9é m 2 ½A¾A¿9À Í�Ñ Ë�l U − V
} ÐAr m�ïAð m���� k {2| ¨9© m Õ g p Ã
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5 � U − V

Ó r m �   �Ï�,�6¡G¤,¦ � m ¨9© ý�� � f �GÙ a�b
(N = 0) õ�� � f�r à  Polytropic index N = 1, 1.5, 3.0, 5.0

m
Lame-EmdenÕ ý�� � f	��
 � (N =∞)

m ¨,© ý � �� � f��2¾ � 2U + V − 4 = 0

� ü(ý	�(m(ÚAÛ õ�� ����õ t (52) f ��� m���� d log U/d log V à  N Í*ª � ü Ë
� m ¿cÀ î*± ÃÄõ P î ρ

mzñ�� f
d log ρ/d log P = N/(N + 1) (55)

Íeë�� l ü � î2u ôV²óØ�� �  ú ü � î�uG± ü!ý��*m ô �e±�¨�© m ���Cì�í� f*õ! �"6l ü � � �Ï�C�(�!�c� k$# %zg pAü à &'� à9uzà,à¶²óØ�� ü!ý
µC· }9¸ m v î!g f(õih j f�¤A¦ � {2| g�øCù à)( ° � ì�í g ± Ò ú �± .±,� ý ��* õ a,b f	+�, m �c� î�îGv2u�-cø�ù g p Ã� ü�m g�õ a,b u. ç6l ü U õ V v0/ 1 ��vÞø�ù g p9ü � î�Í32 � ±c� ý �*Ë�k�² Ø'õ U î V v õ4 §5+), µ

m �A� k�-�øCù 6 pGú �7-9ø9ù u�± Ã õÏy m�8 � m:9 ¬ � õ ∆U õ
∆V ;

∆ log U = ∆ log V = ∆ log ρ = ∆ log µ (56)

6zx q  ú ü!ý¥� �u!õ �=<5> u�26l üzm:?�æ2o�@ u ~ �.ØBA � ?Aæ 6 p�ú�(õ!
 @��=� ; 9 ¬ ÝR± Ã5� ü,m 6GõÏy m$C Æ î9��ØGõ!
 @ õ pCü � ;(õ��� ���9�'� m jump D p9ü Õ veìGí 6 p9ü!ýE�!m*Ú,Û õ N ;	F m�G u v!± Ã��ü�ý Ë�H �4õ U/V ;�I�J ô ÃLK .àA± ô �*u�ø�ù à�( ° �9ìGí 66±AÒ ú �G±.±c� ý
¤c¦ � m ¨9© ; U − V

} Ð m �6�5M Æ=6 � � 6�N à ú ü D�õ polytropic index
N Í�x q ü î4õÏy m�O üQP �R;�t (52)

m �5S T �5U u7 5" �eØ
g1(U, V ) ≡ U + V N/(N + 1)− 3 = 0 : (57)

g2(U, V ) ≡ U + V/(N + 1)− 1 = 0 (58)m
2 V mBW � � 6 WRX Y Ò  ú ü2ý	�.ú  mBW � � m r 6 ;(õ U

p ü � ; Vm7Z � D�[ �cu,± ü�ý l ±�\ ]!õ ¨�© � ; g1(U, V ) = 0
m � r 6 ; dU = 0 6 V ^u }=_ u(õ g2(U, V ) = 0

m � r 6 ; dV = 0 6 U ^ u }=_ u7`=a Ã õ g1 · g2 > 0
m$b=c

6 ;	F m$�5� dU/dV < 0 Í�õ g1 · g2 < 0
m�b�c 6';	d m7�5� dU/dV > 0 ÍCve( � î�u± ü(ý N ≤ 3

m(ÚAÛ ;�õ 2 V m:f � ; � �=M ÆR65g�h �R1³õ 3 ( m$bRc u,÷�a ú ü2ý	�.ú uB �4õ N > 3
m!Ú9Û ;�õ � �M Æ�65g5h �4õ 4 ( m$b�c u!�Ri�*ú ü � î�uG± ü!ý y m g �

U = (N − 3)/(N − 1) j V = 2(N + 1)/(N − 1) (59)
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; * ®,t (52)
m�W�� Õ 6 p Ã�õ

Mr ∝ r(N−3)/(N−1) ρ ∝ r−2N/(N−1) (60)

Í'x q üzý �   �e�9� ¡�� W�� Õ ; polytropic index D N = 3 Í�� � î �(ØAõ
N = ∞ à  N = −∞ � jump �4õ N = −1 � Z
	 � ü ( � ü �';�õ 1/N + 1 = 1/4 à  ∞ 6 Z�	 � ü )

 6�çcè �Þõ
2U + V − 4 = 0 (61)

� ��� Í (U, V ) = (0, 4) à  (2, 0)
 6N Ý ý	� � W�� Õ ��� Û 6 � ü �z¾ � ;

U − V ��Ð � 6��*¨,© ÍeÎ � ü�� 6 � 2 ±��5i Í�� Ë �óý
¤c¦ � �(¨�© ; polytropic index � . ç � ü D�õ U − V

� 6 ����� D�� �  úü î N D(ª  Ã õ ¨�© � ª  ü�ý ��Ë D�²³Ø�õ � � õ Ç�� õ � @ ���=� ��!�"� Í N � . ç ��±��$# 6�� � � î�DGìcí 6 � ü(ý U õ V �$IRJ
% � ° � à 
N Í'&�( � ü î

d log r =
d log(V/U )

2U + V − 4
(62)

î(± Ã õ N Í�) � � ]G� ü � î2± Ý U − V �9Ð � ����� à  � � ÍB� � ü �îeD56 ¬ ü!ý+* Ù �!õ Ç,� î-� @ � (9�GØ �
d log Mr =

Ud log(V/U )

2U + V − 4
(63)

d log P = −V d log(V/U )

2U + V − 4
(64)

î*± ü*ý � @ �,� ; Ç,� î � � à  �  ü!ýL�Rú .��/10 �*�5S ��; � é �
�z¾ � D � ú ü2ý ¨9© � D U − V �9Ð � 6 � ��z¾ � ��2 Y Ý�îRõ¶¤�¦ � �� � D�314 � Z5	 � ü � î��c± ü!ý	� � � îB;*õ Lane-Emden Õ 6 N D Z5	��ü î � � D Z5	�� ü � î�� �4� ú Ø�� ü!ý6* ? � Ç,� � Z5	 � ü D2õ ��U �
U D�à,à�² Ø9� ü �:6�õ U ��7 � ± î � �B6 ;�81�:95� ;;7 � Ý õ � � �;< �Ø Z5	 �$i Û D�= � �  ú ü � î���± ü!ý� � õ Ç1� õ > ? ;*øAù ñzò ±��6Gõ � � ° �
% à  \ à ü ô ����õ ¨9©� D=�'¾ � � 61 £4Íe`=a ü î�¬;�õ d log(V/U ) = 0 66±9Ò ú �G±  1 õ  Ë(õ @50
;�¤G¦ � A�B 6(á�â ñ'ò ±5��6�õ V/U � Z ã ;��5S ��C Û � ôó² ØED �G± ü!ýÁ(Â ; �'¾ � � � B 2U + V − 4 > 0 � b=c �5� Ã�õ V/U ;cÁ(Â � V/U = 0 à ¶��Ð� V/U →∞ �GßAÒ'Ø � � îcîF�E� Z
	�� ü!ý ��à �Ïõ ¨,© � D5�2¾ � Í3`�aÏ²Ø 2U +V − 4 < 0 � b=c ��G ü îÏõIH$J � Z
	 �:K L V/U ;.ã ä � ü ô �:�FM N�õO NQP � � î��1M ü�ýSR Ð ��T1U�V
W X�Y Z � Z5�
��;*õ\[ ] d log(V/U ) = 0 6
�EU � X3`=a N�õ-81� � B ��^,_ `FM a 1 õ U − V b � 6�c d�e
X.f ( �5g �M ü!ý

Lane-Emden h ;:��U � � � B b�c 2U + V − 4 > 0 �1i X'j NlknmEo p a R b 
6 V/U D�q5r � Z5	 � s�t:uwv ��x y'z$kn{1|�} A�B ~�� polytropic index

�;�� X���� g-R b g m�o � T1U�V�W X'Y Z y�k�p1� V/U ���5� X��$�:k U − V �b�� ~ c d�e�X.f �$�5� ���F� g M s�tS��� ~ k.�:��k q5� M�� � �-�1d�e�;��� �����5 F��¡ b�� ~�� h �;¢ s.£ L�¤��
LFz$r�¥�k§¦ L ~ k§¨5© �;ª« �$¬
 ®�¯ ��� X;°�h � s ±:² ~�³�´ ~ µ s c d e�X;f ����� X double
polytrope X.¶ g y'z�r�¥ s�t

3.1 q�·�� � �¸��d
e
{5|�} ¹�º ��»�¼ ½1¾�¿ �$q · � polytropic À
Á ~,Â�Ã Ä v s;Å �wq�� Æ� � �-��d�e ~ Ç kQÈ ¤;É
Ê y�Z Lane-Emden h � µ s�t.u'v Ç knm�o g�Ë bg ��Ì1Í�Î V�W X�Y Z,��h ~�µ s �Ek u � V�W X�Ï Ð s g Lane-Emden h X�f� 0 ≤ N ≤ 5

�5Ñ �
index ¤�x y�z �-Ò5Ó5��Ô Õ 52 Ö � h �$��� ~�µ s�t m�o ~��Í1Î V1W X�×�Ø y�z U = 3

� �.Ù Ú ~�Û Ü � s g

U = 3− 3N

5(N + 1)
V − 3N (N − 5)

7 · 25(N + 1)2
V 2. (65)
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log U�
6 � U − V

� � ~�� Ä ���
��Æ�� � �¸��d
e,{1|�} � Ò�Ó5�1Ô� h g Lane-Emden h ����� Õ��
	���Ö t� 	�� Ç Ë bFV�W X�Y Z� condensed � g collapsed � Õ Polytropic index N = 3
�:��� Ö ~�µ Úlk� � Ç m$o�V�W X;Y ZF������h Õ N = ∞ Ö t�� � g · ��� � Ç
�v �Fv ¿

(58)
����� � � (61)

���,Î � � Ë � t ��� � Ç!�,Î �� ¤ focus point �#"�� t

y%$��'&�z$k N > 5 (N �)( �;�1� �+* Ð s � 1/N + 1 < 1/6)
�;�5� k�m�o ~���Í1Î,
- �/. $$� � �
Ç N = 5

�
Lane-Emden � 2U + V − 6 = 0 � V = 0

�10 �/23& z,k �Î � Õ 52 Ö\� �)��4 � ¤65 7�8 9 Ú'¤6:�; � s u �E¤5Æ sEt.u.v < � � Ç k
N ≥ 5

�%= >�~��%��4 � Ç U ≥ 0.5
� $1Ð�k Ë�? ��Í1Î ,
- Ç . $ Ä Æ�@ t � A¤�¶ �1y.z��
�F} (N =∞)

� ��� �#B y%$ t�u � � Ç mEo p < Ë�? ¤�CFpD&§zE�F � s ��k �EÎ �1� �%��4 � (U, V ) = (1, 2)
��G Ú#�/H�I JEÆF� < ; KL@Fz�@M t:u �%� Ç

ρ ∝ r−2 k Mr ∝ r−1
� ��� ��4 � ¤�x
N y'z�@ s�tuwv � ÇPO ¤�k Ë
? ��Í1Î ,
- �P. $��1� Ç k Lane-Emden � ��Ñ Ç m�o �Í
Î ,L- �Q. $F� u ��� ~ J�Æ�@ t � R ¤ u:v < � � � ¶ �S@ M ��p!B y$F�,k Lane-Emden � � Í �
y�z,k Ë�? ~ U

�)T J)@�U ��j s � � �WV Ä @�U�;j s � � ¤ F p v sEtYX Z ����� [ ËL? p < ¹�º ¤�C
p\& z ELF � s � [
Lane-Emden � ¤ � ¥ z�] ¡ �1^ E F _ Á Ç6` ¤ T J M Æ a
$�Ð [ ] ¡ �E�©�b � T J M [dcfe��)g!h ~ Mr = 0 �;Æ aQi ��Æ$Ù � [ V = 0

��j6k ¤�l�m � aX ¤ U →∞ �;Æ a%ion � � ÇSj�p � ��� � Ë y [qj6k�r
s � Õ centrally-collapsed
type Ö � � �#tfu v a%i · ½�[ Ë
? ~�� V

� � � Lane-Emden � v ÚDV Ä M � Új1k ¤�C�w\& z E F � a � [xO ¤ [ Lane-Emden � v Ú\] ¡ ��� ©
b �SV Ä @$�Ð [ygSh � r = 0 ��Æ'& z � c e � ] ¡ Mr �)z a n
��¤�Æ a�iQn v ÇQ[{j)k¤ �
» ��³ |
} �!~�� � a nL���Q� � y [ n � � Ç)[�j1kL� j � Õ centrally-
condensed type Ö���vSu v a)i r → 0

~ �E¢ a £ @ Ç�[ ��� [ g1 = 0 �Q� ��� a �
U �6�L� w <\�
� ¤Q� � [wÄ < ¤ [ g2 = 0 �#� �1� a � [ V � ��� w < ��� ¤� �!a�iQn � $�Ð [ V

Ç
j)k ¤%; K @�z � c e�� � ¤ �����!a n
�E¤�Æ a6i����ª ��¢ a £ @ Ç%[ polytropic index N
� � ¤ vY& z 4 Æfa)i N ≤ 3

���5� Ç�[
U → 0 ���F�E¤ V

Ç ��� y�z N + 1 ¤%:�; y�z�@ M iS· ½�[ N > 3
����� ÇQ[ � Ã�%��4 � ¤�7S8L9 Ú ¤QH�I JEÆF� < :
; y�z�@ M n
��¤FÆ a%ij6k�r�s � [\j6k�� j � � � Ç%[x� · � � � �¸�S�L� �5y�z Ç���¯ ��Í1Î,L- �Q. $�� nL� ÇF~ J�Æ�@�iP��w � [x4 Æ a polytropic index �6� � F �Q�� � a n
��¤ vY&�� [\j�k � Ë�? � Í
Î � ,�- ��. $,� n
���1�F� � µ a6i� ¤ [�j�k�� j � � ��� Ç�[ ¨5© �#�)�
� �%$ j�k�� �#"   ��� � Ñ�¡ �;�
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� ¤���N � a n���¤FÆfaQi
3.2 Double Polytrope

Lane-Emden � Ç U − V
? � � Ç!j6k w < Ë
? �Q� V/U � ��� ¤���� [��	� �Æ
@�
�� � Ë Ä�� a� [ n � ��Ñ ¤ � �5¯ ¹�º � V/U ���5Á ���
� � ��� [� � � ��� M 
)� � Ë Ä�� a�� �1�5� � µ a6i � � �
��Á Ç�� ° � ¤ Ç @M  �� ��v6@�� [ n�n#� Ç%[ one loop �;�
� ��� ² a Double polytrope �.¶ �
���× ² a�i

Double polytrope
Ç64 Æ a polytropic

» ¼ ½�¾ ¿
(polytropic constant � polytropic

indices �,· ½ µ a!@ Ç�Ì�½ � 4 Æ a ) ¤�� ± 2 � F w < Æ a�� � µ Ú [���� � | Ç
2 � F ��!�" �#� ² < � a �$� a�iP�%$#�\& � [\»�¼�½,¾5¿ Ç�[

P = P1 + P2 : ρ = ρ1 + ρ2,

P1 = K1ρ
1+1/N1

1 , P2 = K2ρ
1+1/N2

2 . (66)

�6$ [ Ò5Ó5��Ô � ½,¾
¿ Õ 9 Ö�Õ 10 Ö��&%�� F ¤�' ¤ F � � JQ� [o��� � �![
dm1/dr = 4πr2ρ1

dm2/dr = 4πr2ρ2

dP1/dr = −ρ1G(m1 + m2)/r2

dP2/dr = −ρ2G(m1 + m2)/r2
(67)

�&( )fa ��� a)i�n)�+*�, Ç %L� F Ç�³ | �Q2 ��� �.- �0/�102 �Q�f@ a��� ��3 ��4FÆLa%i{n � < ��5 �76 8 9;:S� �!��<�= ��3�> 4 [q�� � � �� F � j)k?��� ρ1,c � ρ2,c � j�k  | P1,c � P2,c � 2 @S�7@�A�B	C�� a%i ��� 4_ �#�0D [
ρ1 = ρ1,cθ1 : ρ2 = ρ2,cθ2 (68)

�E� a7� [yg!h � ]#F 4 _ �#� D�G�2 � g!h�H?I �3]#F H?I � 2 @�� [
m1 = M ′

0ϕ
′
1 : m2 = M ′

0ϕ
′
2 : r = R′

0ξ
′ (69)

�KJ M iWn�n#� D [ � F 1 � FML 4�N O$� aS�!� [ g!h�H?I �+]#F H�I �
�#�D�� F 1 ��P �$Q 2 � [

R′
0 =

[

(1 + 1/N1)

4πG

P1,c

ρ1,c

]1/2

, M ′
0 =

[

(1 + 1/N1)
3

4πG3

P 3
1,c

ρ4
1,c

]1/2

(70)

� 2 @ a�iSRS� F � ��<�= ��5 (30) ��,�T �+D7J �	J � (1 + 1/N)1/2
[

(1 + 1/N)3/2

� H?I U ) 4 V a%iXW < 4 [ 2 � F � _ H ���0Yfa�Z [�\!�0] [ α � β
[ �
�#�

2 � F � j)k �L� ����^ _a` b�c � d � ^ e Q 2 �XfXg � h�� f
α =

ρ2,c

ρ1,c
: β =

(1 + 1/N2)P2,c/ρ2,c

(1 + 1/N1)P1,c/ρ1,c
. (71)

_ J i iQn � j�eKk�l � a _ fm@.A�BMC.n#o.5 D�fp%
��q 4� �r��f
dθ1

dξ′
= − (ϕ′

1 + ϕ′
2)θ

1−1/N1

1

ξ′2
:

dθ2

dξ′
= − 1

β

(ϕ′
1 + ϕ′

2)θ
1−1/N2

2

ξ′2
(72)

dϕ′
1

dξ′
= θ1ξ

′2 :
dϕ′

2

dξ′
= αθ2ξ

′2 (73)

_�V s�t ��u��wv �#f�x%�+� D polytropic indices
e � Y�� yEfmz�{ D 2 �.q � �� J |7} ` b�c � d	~ 4 |�v � W��M��� V���� e _7s x _ 4 V�s�t � ���?���� _?��� D�fw�+�0�

θ1 = θ2 = 1 : ϕ′
1 = ϕ′

2 = 0 at ξ′ = 0, (74)
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�
7 � Double polytrope �������	��
����� ( � ) ��������� ( � ) ����� N1 =

N2 = 1 ��� N1 = N2 = 3 ���� ��!�#"�$ α = 104 % �'&($*)�+-,�.*/�0(� β
( � ) � β − βcri ( � � ) ��0(132�45� LE �6+7,8.8&9�;:�<;
#��='�'� 1 �8>@?
Lane-Emden A@1B2C4 (Fujimoto & Tomisaka 1992) �

�ED s�tGF7H D
P = 0, D s r�D θ1 = θ2 = 0 (75)

�	I Y j#J s(K f3LNM�q � FNH ( ONP K@Q Y sSR	T ) D�U V � yKRXW ��V r tY
(72) �9Z7[]\ V^ _a` r.� Y b ϕ1 +ϕ2

e�QEc-d s x _Se | v �@f q � g � f
N1θ

1/N1

1 − βN2θ
1/N2

2 = N1 − βN2 (76)� u K v � fGM0q h �ji K _ �7k H b �� � � ` b c	l d.~ � ^ ��m � s :
β = N1/N2 � _ g b θ

1/N1

1 = θ
1/N2

2

_#V _ f 2 M q � F H b R]W f β > N1/N2 � _ gb(n
1 M q � R-T K f β < N1/N2 � _ g b@n 2 M q � RNT K7o W i V _ f ` bc(l dM~ �(p g V M�q (hotter c0mponent)

K�` b0c�l dM~ � o W V M�q (cooler
component)

erq s(t u x _�e.V s�t i-th M�q �(OEP K]v w]e�V7J x fag��(Mq e	y r � b θi = 0 f ϕi = const
_ J�r � fGz _ �SM.q ejy r � f Y (72) f (73)

e
f q � fB{7| ���?� �.� eC} u � u _ x9~ K9�X`-� � FXH _�V�s�t� � e

β < N1/N2 � _ g� 2 M.q � ��z�{ e��-� � u t β �S�-��f d �j� � f
M�q 1 � ` b c(l dM~ K � M�q 2

e+^ ����� p g i � s _�_ y e fGM�q 1 � RT b
( M.q 2

e�^ �K�
) p g i ��s+t6� e f cooler M�q (= M�q 2) ���7�XO7P K p

g7r α � 1 �S� ` b fag.� FNH-� iX� b φ2 � φ1 � cooler M�q K(� Z�� b@��� \� �#��fXg?�r�	� ��� hotter M.q (= M�q 1) ��q7� b

θ1 =

[

1− N2β

N1
+

Φ′
2

N1Ξ′
2

(

Ξ′
2

ξ′
− 1

)]N1

. (77)

_�� s	t x x��.f Ξ′
2 f Φ′

2

b
cooler M q � F H R]T _C� �-� � D s7K f�x���` f ξ′ ≤ Ξ′

2 � b f hotter M�q � �X� �@��I br�E� � g s �?�Mf cooler M�q �9�{ b Lane-Emden � � � � � g�f R-T �   _r�-� ��  ��¡ r e9¢ £ d s _ f
Ξ′

2 = (β/α)1/2Ξ′
LE(N2) Φ′

2 = (β3/2/α1/2)Φ′
LE(N2) � �E� � g s ( uE¤ � f Φ′

LE(N2) f Ξ′
LE(N2)

b
Lane-Emden � � �	� _CRjT )

t�� u K v � f cooler M�q � FNH7� Z��(m � s β ��7¥X¦
βcri

βcri = N1/[N2 + Φ′
LE(N2)/Ξ′

LE(N2)] (78)
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K I � j�J f α � 1 �9� ` f N1 = N2 = 1 � j 3 � _ g βcri = 0.5 f�� j 0.7735
e��� f��7u (N1, N2) = (3, 1.5) �S� ` b βcri = 1.1475

e7�0s�t
β ' βcri � _ g�f Y (77)

b��� qX�
θ1 ' [1− βcriN2/N1]

N1(ξ/Ξ2)
−N1 (77′)_@� s�t

Lane-Emden � � | 	 e 
��(� Z �@� ` e b FEH e@� � i��O�P b�   k   \ e���� e �E� d s+t x J e�� ����� M�q � �9� ` b � cooler M�qe | s ��� � Z ����� ��� � b � hot component �@O-P b�� � q-� eN� _�� �
� K�� r0u! 	p g ��R7T K �+�7i K s x� eN� st Lane-Emden � #"!$ ds  � N1 = 1 � stiff

�&%�� nMo Y �r� ` e b �(' )CR	T ��� � ��* �S� r K+�
N1 = 3 � | 	 e soft

�,%.� n#o Y �r� ` b �-�/.�d s Lane-Emden � � R�T 0�1� � p g 243 J u��{ K+5�6  ��s�t x J b � {X| � � � q�� �,7!8 ��� K
M2 � m1 � 
9�r� Z K �-� � g s u: 	� ��� u K v ���,
9�S� Z K&; r � 2 s
(hotter M�q � �j� K cooler M?q � �j�  '�< e���s )

R	T
ξ′sg

∫ ξ′

sg

Ξ′

2

θ1ξ
′2dξ′ ≡ β3/2

α1/2
Φ′

LE(N2) (79)

K 7�8 �r{ = 0 I � s�t x�� Y e {7| � � � q7� � Y (77′)
0?>A@Ed s  � N1K p g 2 �B%.� n#o Y K soft

� � ` b �DC Z e " �K� O-P ��-� K p g 2 � 78 5A6 ��RNT K p g 2 � s�t  _ � EF� N = 3 �@� ` b�G�H KI�- �f q e-�_��
N1 > 3 � b x��KJ L����K7!8!=7� b � 2 ��s�t
� � b ��� qN� 0�� � u y�	� D s+t β > βcri � 	g b � Y (77) � M � � s| 	 e

ξ′1 = ξ′2
β[1 − (N2/N1)βcri]

β − βcri
(80)

� RXT K = M J��8��� y M1 � M2  � s+t x J b9N ONP ����/O �&P _Q0,RS
envelope

K+T _4U 2���V e&��. d W�X β
K �]� d W (

d ��� �
hotter M�Y �Z [�\(l ]�^�K�� � d W

) :I_ e9�aRjT K�� � �`�('�a e envelope b mass _� � �c�
βcri

e�� � 2� M1 'M2  � _��ed p RjT Ξsg

e * d W9X β < βcri � b hotter
M!Y b Z [ \	l ]A^NK+� � (β

K �E� )
d W gf e�RNT b �E� d W h  e-�W9XKh b� ` _ hotter M:Y b �j� b � � 0�i E�W�X � � b N = 3 b� ` e,j/k� D WjK�� O]P�YN� (77) � ξ/Ξ2

K p g 2 � W  θ1

b9l�m ¦
(1 − β/βcri)

N1

0Kn yh  0�o 	� � hotter M/Y b R	T  �j� b

ξ′1 =

(

βcri

βcri − β

)(N1−1)/2

Ξ′
LE(N1)

ϕ′
1 =

(

βcri − β

βcri

)(3−N1)/2

Φ′
LE(N1)

(81)

��p�q � g W h  eN� W&XKh�J M9b9��V b � ��A� b N O]P b cooler M�Y r J 0#T _(sNu�t O7P b hotter M:Y b 2
y b Lane-Emden � K9� u(`��:v e��4w� S W�X r b�x �-y �!z W { 	 e+� cooler M!Y b F�H-� 2 � O�P b cooler M|YK�}?w � S WjK��DC Z b hotter M�Y K ��� d WQ~:���/� K � g � r br�X� � �

hotter M/Y e�y S � cooler MAY b � Z e �	� � J|� � � Y7� K��I� d W�X r b�  � �X� b hotter MAY ejy S:� b � Lane-Emden
e&�:. d WK��� b o � 2 �_��(���:��� e��A. d W _�b e " � �I��� � p g 2 � W  S 	 h Q�|� W�X� M e�� β

� �E� d W ?� ��� � Lane-Emden � e��]� d W h  e-� W � �9h� � �
hotter �:Y b Z [�\�� ]�^ � � � � � � cooler �:Y b�� 2 W���� �/� ���� � 09�   2�¡ ¢ W { 	,£ � ¤ ( ¥ �j� �9� 1/β � Φ′

2/Ξ′
2)
� r b&��� � �-� � �W��  I�!� W,X¦ § £ � double polytrope b U − V curve ¨ {�©AC��  polytropic index b�Y�� 0��� ��X cooler �:Y b9ª:« £K¬ � 2� �:� £ �:� ��/® ¥ W � �¯C�� � hotter �Y £&°+± � ��² ³µ´�¶ �K· S Xµh b �  �¹¸ £Iº E � [ � »(¼!½�^ �Q¾:¿ ±��ÀAÁ�Â U Â V Ã/_#Ä � Å · W9XKh b y b9Æ W?Ç S � Â β Ã βcri b � Ä|� ´ È w� Å W,X
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¦
8 � Double polytrope (N1 = 3 Â N2 = 1.5) b log U − log V

¦ ¡ �!b,Æ Ç ��X
α = 104 � β b � ����� £���	 � ��
 LE Ã�	 � � � � polytropic
index N b Lane-Emden  �,ª ¥ 
�� � ������� ��	 ¥ (Fujimoto &
Tomisaka 1992)




¦
9 � Double polytrope ����� ��� � Ã polytropic index N ����� 
 �! � � ¦

8 Ã#" $`Â N1 = 3 Â N2 = 1.5 Â α = 104 �+Â β = βcri−10−7



polytropic
index �%�&� � Â ��� � N = 1.5 Ã ªA« � N = 3.0 £9Á ' � Â N

� �  Å � ( � �%) £:· ( 1/(N + 1) < 1/6 ��*�+&, � � ( (Fujimoto &
Tomisaka 1992)
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0

1

2

-4 -3 -2 -1 0 1

lo
g 

V

log U

MS

RG

AGB,H
AGB,He

¦
10 ����� � log U − log V

¦ ¡ � ����� 
 MS Â RG Â AGB,H Â AGB,He�	�+� 
+� Â���	��� ��Â��	� �����	��� ��Â��	�	�	��� ¨ �©! "$#�% ����� � �'& ·)(�* � +',.-�/�0 Ã9·2143 � ( � ¬�5������� ���$��� ��� �6��� �?ª|¥ 
 ��� �5�	7 8 � � ,�9��� � Ã ( 


(i) β > βcri �;:=< : cooler ��� � ¸�> �)? @%��� A � Â U ∝ r3ρ ∝ r3−N1 Â V ∝ ρ/Pr ∼
const Ã9· ¤ Â6B#�.:�< (N = 3)

�$C)D £6E F ¤ Â�G!H IKJ�L�¥ ( 
 ª:« ξ = Ξ1I�¬ M Å Ã U ∼ V −3 £$NO143 U I A® P Â V I�À!Á P 3�Â¯ª�«	Q�R U/V → 0 £¬ M � 3 � Å 

(ii) β < βcri ��:�< : ? @ ��� A��6S	E D A!G!H �TJ�L U�V W�X�Â U

� À�Á £�Y $
(V
�

UV 3 ∼ const A /® ) Â � ,�9 �TZ � 3+Â\[�] � �,¡=^ £�_K3�Â Lane-Emden £$`/¬ P 3 � Å 
 ��� � I�[;] � �.acb d(¡ £.e	f ( Ã�Bhg�i U I!j k� �!A'l'm I&ÀAÁcn ( 
o
9 p Double polytrope � � q�� � �$r P W 
ts)u � A � � q i+Âwv x y �

cooler z�� A:°I± Uh{IÂ P ' P2 = K2ρ
1+1/N2

2 Ã�· ( 
 F;W�Â cooler z�� � ¸	> A i
hotter z&� P b!· � ��A!|�« A i�Â P = P1 = K1ρ

1+1/N1

1 Ã�· ( 
 P b P Â cooler z� �6|/«:¬ Å p�x�y i cooler z�� p&°+± U6{	3 � (;I�Â ��q i hotter z�� I�}~ n ( transition ��� I�A k ( 
 polytropic index i
N

N + 1
=

d log ρ

d log P

=
[1 + α(dθ2/dθ1)][(N1/N1 + 1)θ

1+1/N1

1 + αβ(N2/N2 + 1)θ
1+1/N2

2 ]

(θ1 + αθ2)(θ
1/N1

1 + αβθ
1/N2

2 )
(82)

i,Â shu � Aci N2 Ã�|:« A i N1 Ã C!� n (;I�Â transition ��� A i6j k Å ´��n ( BAÃ�p/· ��Â 1/N + 1 < 1/6 Ã9· ( 
 X�� i�Â s�u �$�	]�Q�R �5� W'n U − V
curve I�['] � �.� b d�a=��e�f ��Â�� , 9 ��� �6�	� n (�W������c&	Q=RA=��( 
o

10 p.��� �6��� � U − V curve �6� �5r P W 
 �)���� A iKÂ Lane-Emden Ã " $�� �.p�Â U/V I sKu b d�|�� p�º	b�1�3!��� ph��� n ( 
 B5{ p�� P3�Â���� �.��Â2� ����`�  �.��� �	A i�Â�� ,c9 ��¡O1¢W6��� p�£t1�3 � ( 
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B��h�	� �6Y�� i$�	� I'�		��� b d���� �6�c� ����� �h� ��A�� $�( BÃ$p)£�(KI�Â6B { p	i�X A	� (=� �Tp�Â������ I�x�
 p��cn ( 
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4 � � � � � � � � �

4.1 Virial �
	 Ã � ) ������
	
�
��� ������l!m ��W � ���#� (�*;� +', u i����
��� � γ ÃOn ( Ã

u =
1

γ − 1

1

µma
kT =

1

γ − 1

P

ρ
(83)

A ~ ' d {�Â����� ����� (=*�� +', ET !#" qc(�*;� +', EG � �� i%$��&
' �)(
� n ( !
(γ − 1) ET =

∫ M

0

P

ρ
dMr =

∫ R

0

P4πr2dr

=

[

4πr3P

3

]R

0

−
∫

(
4πr3

3
)
dP

dr
dr = −1

3

∫ M

0

−GMr

r
dMr

= −1

3
EG (84)

! £�( 
 B�{ � Virial �
	 !+* � * , P W'I 1 3.-/���0 �21 (�*�� +!, E ! ET -
EG ! � � � i2-

E = ET + EG = −(3γ − 4)ET =
3γ − 4

3γ − 3
EG (86)

! £ �3-��
�� �01 (c*;� +), ! �%� (=*K� +), �4�� I.576�< p�£t143 *(,�B#��W��0-98: " qcI<;<=cn (<���> �2� ?�£@ (BA * i%CED �+�=q
F !#G �)B ! p)£ (>,�nc£<H I-� I�(=*;� +), �2J � ! -K1 (=*;� +�, Ei5��� n (;I�- ��� (�*;� +), ET i%4�L P 3.-NM�y I��
O P -K5 p>-  I�(*�� +!, �BP ( ! -Q1 (�*h� +), i%4
Lcn (���p- �%� (�*h� +', iT��� P3<-RM	y I)acI (>,TS F �3-U���� i���W)b V)�
� I ) Ac��(!b�� � �.p2@A �'B ! p)£�(2,
B�� 8�: " q� � �EW £�@ (>A * i�-K� �=_.X ��p�� P 3Y$=� qZF ? £��[ I�\ ] W���A=��(,^���� c� �2� ��_0X �3- � � (�*�� +�, !9" q (�*� +', �24�� �+- � { 
 {Y- δE - δET - δEG ! n ( ! -_������� I γ = 5/3 �.��`a � a �6:�<E-

δE = δET + δEG = −δET =
1

2
δEG. (87)

 �01 ( *!� +�, �0b ��m p;� P - ��� (c*'� +�, i�" $ m c7d05Z6Ze f^ g p�b � P - " q ( *)� +�, f�b ��m iEh�6 e A	j kcU	i i#j p�£t1�3*Zk ,.B�{ i2-K1 l7m�� nYoEf2b � pp * -����� i�J�L � k<* i%q�r PBs$
t &�' u0v�w x_y � ! n k<z -{�{ p2|cn k%}
~ f2��� �c� k%" qZl7m��nYo
f>b � i2-N1 l7m�� nYo�f2b��)m u � v �3-9��f� u.�� l7m�� n�oY���� �c£ �
{ ! p	£ k�� �
� � k ,�$�t qEF ? £��7[7�E� i>�E� n k !��
* � � �9��o7�Yf���E-K$�t &
' f>� z0� � � � s (N + 1)P/ρ + φ = −GM/R f �
� z7�Ek f<�.-

EG =

∫

1

2
φdMr = − 3

5−N

GM2

R
(85)

! £ ��- "7� l7m�� n�oE  explicit ¡0¢.£ !�¤<¥ f.¦�§ ! x s�¨ d k ,
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f � �B¡�� � ��� k ,��
	.H I+-����� u L�� ��������� k ���E��z���� ��� �!� k f��#"%$ � � f'& �T� ( u�v.w � k��*) ��  ,+.- � qEr
�/� k {� ¡�	 k�0 x � x " � � z21�3 4�5 ¡ w x � � �,"6+ - � q7r � 4E��) $ � �7 8 9 �;: � 9<�=	<> s ( k'0 � ��? �@"A8 � ¡'+
- � qEr.� zCB D "#� 4+E- � q
rE�^¡2p � }�~ z�F � � ��GH> � �I�
£ u � v k { � ¡�	 kJ0 � ��KL M*N.O � �,P � � 	 � �>¡2Q 4@R � ��� S�£ � 4CT.U ¡Z �� 4EV2W �%¡p � }E~ u �EX x 	.Y � Z 	 � 	�( z "�[�\@$ � Q 4 �E� ¡ R � z#] ¡*	k�4  �"6$ � 4�^�_.`�a 4��*) ¡�bEt.cEd `Ee 4�fEg ¡>| � hJ$ � i j �kml 4,nEo z � iEj � k#l 4�V'W �Ap � q h ��) � � h 0
4.2 r�b s�	 B�o
[J\�$ � Q 4 r�b sE	 BEo   t ] 4�R �.u�¡ �v>xwCy�z {.Y �|� h 0 r�b s� ( ��{ ��4J} ~  �"%� 4*V�W � 4 timescale z��*K s.	'& � � ( 4'f�g ¡|� h�� s
	#�*���*� � � h free-fall timescale τff (= 1/

√
4πGρ) � �J��� 9�"Ib��*c�d

z#� � � h � ( �
{ � � � h 0 ��@�  ���� � h �H�E��� � �#� � 4�� �� � � �@�H� 9�	 � �E� � �'4��E� ¡ �%>vw i j � k*l p'� � 0=��4C�
� "�*@�   8 � ¡���� �|  Y
h ¡ � ¡*	 ��"=¢@£�¤E� �E� �<¡ � �  �"N� (87)¥#¦ �*§ � �%¡J" Tc ∝ ρ
1/3
c ∝ R−1 ¡,¨�>vw ��� ��w�( 9 0

¢'£ � � � Tc ' 106 pH© � h �«ª�¬ 4 ¢C£® ¥  °¯�±��*²�³ �C´ µ@h 0 ¡ 4� �A" ª�¬ 4J¶�·  J" ��� � �°4mi�j � k®l � VJ¸ L � ¢C£® ¥ 4 ¯E²�³ ¡�#h i.j � kml�¹.º ¸ LN ¡ �#h°» iEj � kml 4 �.¼
��& �T� �¾½ ¿E¡�¿ �� 0 �E��" δt �*�
À�§ Á 4miEj � kml �
¼ δE � δE/δt = −L + LN < 0
¥ À � Z "%¯²�³ ��´ µ2h 3 �JÂ�Ã ¡m¢�£ � � � �*�
0 ¡ 4J� � 4J��� ¡�Ä (C"Å¯*²�³ �Æ 9�	 Á�" i j#Ç k*lC¹ º ¸ ��: È 9�	 Á�" δE/δt  'É F ��w#Ê ¡�Ë { 9 0 M½®" δE/δt = −L + LN > 0

¥ À � Z "=¢C£ � � �#�  �|" �*4J��� "6¯�²�³ �CÌ 9	 ÁÍ" iEj@Ç kmlJ¹
º ¸ �27 8 9�	 ÁÍ" δE/δt  �Î*Ï ��w2"/Ð ÑY¡®¿ � � 0 ¡ 4] 4 Ò6Ó l Ô¾Õ×Ö�ØÚÙ �CÛ 9�§ ) ",[�\�$EÜ ¡�¼#Ý 8 � §��®@� ¥ Þ "%¯
²�³��ß È#h � " LN = L 4,T�à s
	 e*á �Câ®ã �|"%ä T åJ� § � h ¡ �'å 	Eh * 0
¯E²�³�æEç ¥ Þ�è�é ¯ � å@ê�ë s.	@² ¹ Ü � Ù�l Ñ ì,í2î.�<�@Û 9 4 ¥ "¡ 4 Ù2l Ñ ì°í'î å,ï ð�ñ ò § )�å " è�é�ó.ô 4 : È�(�¯ Â2õ ö�÷�ø å Þ êù ú.û#ü ð è�é�ó ô 4Jý 4 : È�(2� 4 ²�³ å Þ "þ� � p°ÿ ú h ¡ �'å û h 0��§m�¾>vw2" ª�¬ �  4JT�à s û ¯���� Þ Ù#l Ñ ì°í�î 4 7 8C( � 4®� � âã ú h ¡ �Cå û h 0 ��§��=>vwm"���� å ß È�h 4 Þ "�� � Ù�l Ñ ìJí2î 4 78�('�
	 ��±�� ��w
� ���� p���� ú h,²�³ ¥ À Á�" ���21
� 4 Ùml Ñ ì°íî 4 : È û�� 	 Âmõ 4 ¯
²�³ Þ Â � å Þ ß È û ( 0 ¡ 4'T à s û ��	����� � ¥ Þ "%��	*¯E²�³ å � h iEj@Ç k®l���� �C  9 � ÁÍ" !�" M T 4J¶�· �#�$ 8 � h ** 0 ��� 4 ¯���% ��� &(' È�h )+*-,�.�/ Þ *10 2�*�3 Üm�*� �� å54 h ¡�) å û Á6*�¡�753
Üm��� 7 ��� *=¢C£ � � ��8�9 �+*1: å Ù®l Ñ; í2î 7�< =(> èEé Â®õ 7�¯ ²*³ 7 � � �m´ µ®h µ ¥   ?#¡�) å û hA@,¡7 � B,å *C,
.5/ Þ *�3EÜ®�*� )CD à s û ¯���� 7 � � pFE ÁHG � û � � *IKJ ú L ¡�) å û L @NM�O P ûAI J 7CæEç ¥ â�ã ú L ¯
²E³ 75Q�R ÞTS U7KV(W X å µ�)ZY*§A@

note.3 [mÿ û]\�^ Ç _ W�` ) ûaL ¯*²�³

A.3.1 b�	���� : 41H→ 4He

* â�c å Þ *�d�e � � 7 \�^ Ç _ W � fJ¸ g+h�i åkj�l m * n � )�7�o�� pq r L @ Ò Ó W Ô¾Õ×ÖJØÚÙAs Û tCÈ+D à]u*á s â�ã ú L 7 Þ * \K^ Ç _ WTvawx 7 h
i�j�l�y 7Az s�{ >T|�� 7]}�pK~ L @
** ��c ����*1���
� ��� >��5�]� 7��
������� s5���K� L 7���� >A*C�5� hi �k8
9 7�� �a�F� ��s *���� �Z���]� 7 h�i]j�l�y s({ >��
Y5*�� J � �< =5>�@
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coulomb �	� ���! #"%$�&�')(*�*+*�),	�

1H
'�-��������

β-decay .0/ 1 �2�	� 2D(p, γ)3He
,)354768��9;:��%�������<�#=5>�?7,

Tc ' 106 K
�#@�A)�#,	�B��C5��C���D�E5F8,%GIH�"

(X2 ' 10−4) J�K �ML�N	OQP�R#S7�T5UV�
ED = 2.7 × 1014(X2/10−4) erg g−1

�5+XWY���2�7�[Z5\�L�N�O7P#R^]
GM/R ' (k/µma)T ∼

1.4 × 1014(T/106 K) erg g−1 _ C`'[a�?���+�WY�cb5d#e*f�gQhVWiZ*"0�j���[��Z5\%k)l7�nm24
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0.08 �	�)� ; 5 �#�	� _ ���n�c��?5,0�Q [" J%K ���#�j���	�0�	?*���� H�WY���2�%�	�*�`�X���` )¡��j��H � H2��]¢:��n£	¤)��Z2\%k#lV���	���	?�� � �H)�
)
9

�%
*�[¥�¦*H���L#N0OjP�R�§XCnH2���	���
1H ¨Qs 4He

��¤	©5�)+)��9;:n��ª	a��[«%¬ �g�����L	N0OVP�R	���®�©I �g��[¯!°[±�²`³#´2µ�¶*· J W Q = 26.73 MeV
����¸2¹#��F�

0.71%
�2+ J WY��º)»� [gj�n$	&2³)´8�n¼2½��#F8+ J Wu��� EH = 6.4 × 1018 erg g−1

C[H��9¾����ª#aj�#�
p-p chain reactions

C
CNO cycle reactions

,#+	��9

A.3.1.1 p-p ¿%À �%����%Á�R�Â�Ã �0� ,��I 0"%d�´7'[-7�nÄ)Å)�	���0@^A��`9®d�´*'�(j�nÆ	Ç	È2É .�ÊVJH%" J%K �BA J �¾Ë�g�Ë2g5��H2��,`��Ä#Åj��Ì*����µ%Í���d`´�,	�nÎ#´j�nÏ2Ð#g�Ñ�Z#$&�,[Ò#©8 �g���9®d`´j����Î%´2S������
p→ n + e+ + νe

��Ó�Ô#�%��H#���`��Õ%ÖX� J È%É���n^:�WØ×�ÙÚ�Ûd0´V'0(�,[ÜjÝ)" J C�����Þ0I���j:#C�,)�j���n9;:[�jC��p��ß2��J d�à�´ (e+)
��á�â��0à�´XC;ã%º%ä^���)åjÃ�æ`ç*�#H�W<Ô�L	N0O*P�R#��è	ÏI �g��é]êà´ _ÛëMì Rîí�°nï (νe)

�2f)��A2A��2�V�`ð7�`ñ*ò�ó8����L2N�O*P	R .�Ê8ô0õ �`9B:`�`��j���
21H→ 2H( or 2D) + νe + 2γ

+	�0")�
1H(p, e+νe)

2D (A− 3.1)C�ö76÷9øZ�$5&���³�´�� C[d	´����5��������´I��ù8Þ%ú8û7����Þ5�j+�Wü��ý�þ8L�N	OP)R . photon
C5�n��¬Ió#6V��à#ÿ��������V�Vh#�`���7� J2K�� d%´7'�-Q�0Ä�Å*, weak

interaction
��h��p�#´V��è#Ï .p/!1 p-p

�#�XC;�	�)��
�j"2��� �
(
b�d��%�n=%>	?��5� �

d-p
�%�IC

p-p
�%���0�%�[�#?����j�

∼ 10−17) � Z�$�&�,[Ò#©7 �g��5C�6��u�0d`´ .���� ��
3He
��H)�n9c¯^°�±�²)�	���`�`e	d`´V���#¤5����Ù � A J�� ��F�� ] ³#´%���	�0d`´XC��Î%´*����� _�� ��³%´%�*��Æ	Ç%È%É5,	H%"	��� � 3He

��'`(2�`�%��� � 4He
,[Ò#©Q �g��:�Cn��H���]Ú:��n�%�*� � �#´V��ù�ÞnÏ�û)��Þ)���5"������	�5H	��� � Á�R)Â5Ã �`�,���")�5� ¨%¨ Ð s Ù � p-p

�%�QhjW��! �"�]#"%$j��ã265�`�%�`�#?��n�j� � b)d2�%�n=>#?��)� � ∼ 10−5 _ 9;� J ,'&¢� � �Q�;��"n>#?2�[Q������� �)(�* I
�

1H(p, e+νe)
2D(p, γ)3He(3He, 2p)4He (A− 3.2)�)+	�[, � ��"n>%?��2��D%E�Fj��+�" 4He

C����%����Í),, � HQW �
3He(α, γ)7Be(e+νe)

7Li(p, α)4He, (A− 3.3)
7Be(p, γ)8B(e+νe)

8Be(2α) (A− 3.4)

�
Li � Be � B

,%-�U56�� (�. II � III
,/�0�}��#H��[9B:�g s �`�	������� r "2�2� � weak

interaction .�/�1 �#
j� 2D . Ò#©�65���%�jH#��� � $%&�,`��û�1Q� J C�� � 4He � ðj�%��2���	�©2*��x�y43 s H�"[9
A.3.1.2 CNO 5�6 �%�

p-p ¿5À ���8�5� � 2D . Ò5©j6V�[�2
Q�`Ä�Å����8� weak interaction
,	-	U�6V� J)K �r � � A J,� Á�R2Â�Ã �`� ,0�I `" J%K ��>)?�7)D#Î����I � ]98�:�}��)��L	N�OjP%Rß��;Q�`>5?%7�D2ÎQ�

ε ∝ T 4 _ � >�?*,<j,'&¢�8��L2N%O7P	R0ß�%;7��=�>Q�`�@?�}�Ae ¨ ��+���9B:�gj��ã � � CNO
�#d%´ �@� � � >�?*,<V,*�*C�C)���CB@DQ�C� � H!W

(ε ∝ T∼12) � Á%R2ÂjÃ ��� �,�V"2�j� ¨)¨ Ð s Ù � T >∼2 × 107 K
�5� ¨ ûE&¢� p-p

�2��hVWF�
� H��09

CNO GIH Á`O���� � d�´ . �0Î)´8�`è2Ïj6V� weak interaction
�,J@K�L)³2´��7�

β-decay
��Ò . C[� J�K�MN( ��"�] 13N, 14O, 15O, O hnò 17F P lifetime Q f[gSRng � 862, 102, 176,

93 T _VUXW P £%¤ � ¯^°�±�² P Ò#© Q�� CN cycle Y ON cycle P[Z Z 5�65¨Qs H%\ U
12C(p, γ)13N(e+νe)

13C(p, γ)14N(p, γ)15O(p, γ)15N(p, α)12C

[13N(p, γ)14O(e+νe)
14N] [15N(p, γ)16O]

16O(p, γ)17F(e+νe)
17O(p, α)14N

(A− 3.5)
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W P������IQ�� CNO ��� Q
	�� Y ���� ����� ������� �Vû�1�������3�\ �����	P ù©	� Q,������� P���� YNQ��� �!#�)5@6��"�# 	P$�N��%&�� P ù2© Q,� #©%; Y('�) ;
P�*+! ¤-, �
.0/ \ U CNO ���1�32 �540´ ��� P6��� ; �3798 , P%Q 16O ��: \ �C� µ; �"�&< \ Y 17O P 40´ Y�P=��� ; Q  #, P��� 14N >" \ U CN GSH Á6? P=2 " P�(@.> ½&@ < \ 15N P 16O A )© < \ (p, γ) �&� Q 12C A )© < \ (p, α) ���9>�BDC6E branching
ratio F ( . ;-G � ∼ 1 : 1000 Y5BHC=E�IKJ�L�>7�8 , P�����MHN�P CNO �"� Q��O�SPP> 4RQ YNP
��� ; �R708 , 14N >
S Ï 8
� \ W Y3>" \ U AGB TVUK� CNO 5�6K��� PW��%\6X&Y Q � Z  [! � ' 108 K

Ü Z >=\#< \ ��� 2 × 107 ' 108 K � 8�: L- ù�] B QC�
C : N : O ' 0.007 ∼ 0.05 : 1 : 0.068 ∼ 0.01 U Ü"^$_�`"a ���cbed�f `&g&h6i"Q"` P6j�k#>���l `m9npoq �Rrs!ut � !u�R��v$w->�x�yzC �5{$| Q5}~8 n >5� X >R \ W Yp��: \ �
}��
P {$| Q 4
Q$�$� �$�K� β-decays �-!�� Z  �!�} 14O

g
15O �=� Z  \ U

A.3.2 � ���-���[� : 4He→ 12C � 16O�D�=�6��� Q�� P Z����"�-�3� ] 8�� \ 8Be Q��"��� � ��} 10−16 T�� Z��[P ���
�6�� Q$� >5'R)K< \ U C m C� � n }����$ "L� �¡$¢�£��@Q��$�$� ���¥¤�¦ m  � n�§$¨C(} W P 8Be >6© 3 P �D�=����� Q�� �3ª�«&¬�"�0C5E�®$�V�3� ] 85� \ UXW P �"� } XY Y�C¯E@Q ' 2× 108 K Y°���v$wV>�BzCpE m  �!!P5� X A¯±K< \ U �$��²�³ Y�CpE	Q5}
4He + 4He ⇀↽ 8Be 8Be + 4He→ 12C + γ. (A− 3.6)

W P�®�� P | ] Q 3 �IP ���5�5�=� Q$� �R´�µ�< \ P��
} 3α reactions Yp¶K·=� \ U �$�R¸
Q6} �D�=�=� P §"¨"¹ Y P 3 º�>=B�»&< \ PR�} Y P
¼"½ Y%Y � >=¾"¿#>=À Z  \ U�ÁÂ }�� ] 8�� � 12C P ¹ �6Ã-Ä�Å&Æc}

12C(α, γ)16O (A− 3.7)

�=Ç�È�L�>�É Z  9!Ê} 16O Ë | ] �6Ì1Í3ÎÐÏ$ÑsÆ$CpE
} ���5�5� v$w$Ò1>�Ó5®ÔsÆ°ÕRÔ1�Ö Å1×Æ�>R �Å
�=}ÐØ | Ó5} X�YÙ > �(Ú § <&Å�Î°×e� n Ë�Û$Ü-Ë Q-values Ó 3α reaction Æ
12C Ë α

�R� >3Ý , E=}��=�&Þ=�3} 7.275 MeV Æ 7.162 MeV ß":"Å�Î(×e�&Ópà$á�â ¹ :$ã9!e><&Å&Æ°} ������� m9n ®�Ô1� | ] 8¥�1Å&Æ � }�/=ã�}äÕRÔ1� | ] 8��1Å&Æ � }��=�KÞ=��}
EHe = 5.8× 1017 Æ 1.01× 1018 erg g−1 ß�:9!å}Ðà$á�â ¹ :$ã9!eË �1æ�ç
?-è3é Æ�CpE�Ó�êRÔ �Û$Ü-Ë�ë ìíØKß�:�Å�Î
A.3.3 î0ï���� : 12C→ 20Ne � 24Mg

T ' 6× 108 K > �Å&Æc}Ð®Ô � QR�-ð
ñ Ë�òO��Û$ÜKó3ô�õsÆ5ö�Å�Î �$QR÷ ó=� Z ö"Å&Æc}�$QVø ã9ù(Ë5Ï | æ�ç
ú-èé ó=ûýü Z ö�ÅãRþ6}¯×cÿ n Ë����3Ô1ß�Ó5} ���]��	��
$÷Ë��� | ¤�� ó�ô3õsÆ5ö�ùÊ}�Û$Ü i���� ó������&Å5Î ®Ô�Ë {R| Ó5}
12C + 12C→ 20Ne + α, 23Na + p, 24Mg + γ (A− 3.8)

Æ5ö�Å=ó
}���±-ö �]�� Ó 20Ne �V��� 24Mg ß ø Å�Î Û$Ü-Ë æRç
ú-èé Ó Q(C→ Mg) = 13.993
MeV ß ø ùå} EC = 5.6× 1017 erg g−1 ß ø Å�Î
A.3.4 ��ï���� � �"! #%$'&)(+* : 16O � 20Ne→ 24Mg � 28Si

T ' 109 K
� ö"Å&Æc}�ÕRÔ � Q$� Ë�òO��Û$ÜKó�ô
õsÆ5ö�ù�}�ÛÜ �]�� Æ�,.-�Ó5}

16O + 16O→ 28Si + α, 31P + p, 32S (A− 3.9)

ß3}¯×�Ë�Û"ÜVË/�±-ö ���R]�� Ó 28Si ß ø ùÊ} æ"ç�úVèRé Ó Q(O → Si) = 9.593 MeV ß ø ùÊ}
EC = 2.9× 1017 erg g−1 ß ø Å�Î
Á Â } 20Ne Ë α 0 Q Ë�1%2�Ë�3/4#Ó Q = 4.73 MeV ß ø Å
ó3} T ' 109 K = 0.086 MeV

� ö�ÅÆ(} Plank �5��Ë high energy tail Ë�6��1Å�}¯×�Ë�3/457�8�Ë æ"ç3ú�èRé Ë γ 99Ë ÷�:"Y ó
�Z ö�ùå}
20Ne + γ → 16O + α, 20Ne + α→ 24Mg (A− 3.10)

Ë=²�³#ß ç�;=< Ë��?>VóÌ�Í9×�Æ � ö1Å3Î(×=ËýÆ5@A>�1[ü6ÿ#Å æ&çRú#è"é Ó E(2Ne →
O + Mg) = 7.3× 1017 erg g−1 Æ�ö�Å�Î
Õ�Ô�v"w�Æ ç�;"< Ë/B5��>ýÓ5C�D ð'EcX�Y ß��%@RÅó3} :�Y"Ú § i Ó6}GF�ÿ-Þ
ÿ$} 2ºsÆ 1 º0ÆIHKJL-5M�ÅãRþ6}íâ ¹ Ë�ûýü=ö�N ` ß�Ó5}�ÕRÔ"v$w&óPO�Q ,°}íâ ¹ Ë�R'@
ö�N` ß�Ó ç�;S< Ë�B���>&óPO�Q��&Å1×RÆ � ö�Å�Î ����]�� Æ5,T-�Ó5} 28Si Æ 24Mg ó Ö Å�Î
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A.3.5 � ��� #�[� : : 24Mg � 28Si→ 56Fe

Si
g

Mg Ë ��� Ó6}�� é���<
	�� ó ø� ù ��� �	M�ËRß3}�ò~�"Û�Ü&ó$ôõVö���� ��� �Å�� � B���>&ó6Ì1Í#×RÆ � ö�Å�Î T ' 3× 109 K
� ö�Å&Æ�}

28Si(γ, α)24Mg(γ, α)20Ne(γ, α)16O(γ, α)12C (A− 3.11)

Ë�²�³Kß
}���� Æ α 1%23ó��"@¯} FRË¥Ï$Ñ&ß @
ã O } C Ó#ò���Û$Ü�ß Si } Mg } Ne �¯���?�&ÅÆ M ���&ß���>&ó�Ì5Q+,.-5M"! Î 1%2KüpÿKã α 0 � Ó
28Si(α, γ)32S(α, γ)36Ar(α, γ)40Ca(α, γ)44Ti . . . 56Fe (A− 3.12)

Æ#�$� Æ#%'&9ü�ÿ�-�M(!°ó
}*) h ß 2 + β-decays �-,�-
} 56Fe Ë | � �/. Å�Î
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� � � � � �

I — � � � 	 
 � � �  � � �

��� ��� ����� � $�� � � $"!$# %'& (*)�+-, ./) 021�3z�54�6�7 ��89�:<; 3$=->�1<?"@A�*��� �B8 9 $/C ( �D�<E �DF G !*# H >�IKJ+$/L M*@N E $"O P ($Q �SR<T � ��U GVU >�1$?S@XW Y Z U"[$\ ] @A^$_ U*` a bc�d e $ Lane-Emden * �Sf g�� >$h i U ] $ � �kj U l @ � 1�@nm Z U�o<p @q'r<s [ ]utVv ) G >�Iw'x<y<z 3�! { | ���'E �-� w<x }�~'�'� 3��<� .k)'� a���� 3D��� .u@J }"� lB� w x }D� (��*� 3 � { |�( i5O$P*�*Q � U >DI w x 3*� a"������*� H > |u�$�*� 3S�*� .�@uJ � ��� v )��-W 3S� �$H >�I � 1"@ w*x OP } � � � w x �-�*� � h'>2�-��� � d��  2¡ � � � g�¢ >"I¤£�¥ E } �W�¦'§ }<¨ ?�@K©'ª�« ¬k�® ¯V°D± w*²<³ ��´"µ ¯2h i�|VH >"¶"@ R�· @A® ¬B¸�¹ }�º<» � � ¼D@¾½ ¿<À � h�Á�� �"� � dB�  �¡ � �*� g�¢ Á�I�ÂÄÃ}/Å m Æ } ] |kÇ-¬B@A£D¥-Ç } ½*¿'À ¡ |È¸<¹<É2Ê Ç"Ë ÌSÁÍm<Î�Ï �-h�Á"��"� � d -Ð � q*r ¯B°"Ñ lÓÒ ¼ �S´Sµ H Á · Ô � [ \ � � Õ gB¢ Á Ö*|� U ÁD¶S@ R�× �k½*¿'À ¡ } ¸�¹'Ø�Ù p ¬�Ú ¼ ¨ ?�@¾£�¥-Ç } � �"� � d/ÛÜ ¶"Ý Þuß láà ¸ ¹ }�º�»-â ¬/ã g Þ5ä Ì<å2Á ��æ U ¼�çKè�é*ê-ë à *® ìÁ Ö�|"� h v ° ¬ à w x í î � a"��� } � ÁBï Ò 2 ð$ñ º �/ò ì Á ²*ó � �� } �*� ��� iô�-W } �*� �kõ ö�Ò ÷�¢ Á Ö<|�¬�Ç ø U ¼�çù{ ¯Dú àAû � à¸<¹ }/º<» � h v °D��� ¯ ¨ � �D� � d Ç"�<� �kü ý g�¢ ° à è }/þ$ÿ � �î ì Ö2|�� h v °�± w�²'³ ��� � Ö<|���� Á/ç�ÖÍé ¬ à�� (33) Ç�� Á-h ik� à
Φ
} �$� à
	 Á�¼ ¬ à £"¥��*¹ } �*� �� � ì ÁDç���� |*¯B° à���� ¬B� �¯��2¶ î ü ý ¯Í°*¼ ÞSÖ2|����$Á/ç
£S¥�� Ç w*x ¶ y ë�� øD°���� í îB}! " �$#&% ���-��� ��' Û Ü ¶)(* ë-Á | à ©2ªD« ¬,+ - þ*ÿ �® �/.�0 ì Á Ö2|����$ÁBçÈÖ } |�ø } ��� ¬� 1 ��� í î � Á<£�¥*½ |"è2é � �-{ w$x � ~ {��$� |�¼ 2
354 ��� Á"ç£S¥�� }  ® ��� ¼ w$x } �$� } ¸$¹ 6 º$» ¯ à è }!7 Ç w x } ½-¿*À ¶8 9 ���-Á/ç�Ö } £�¥'½ }�� : Ç<;�= ì ÁV½�¿'À ��> y<z (shell burning) |�¼
2 ç þ$ÿ �® ¬ à �<� }<7 Ç }Bw*x ½*¿'À � ?�Á"�-�D� ��' �  �¡ ¶!��� íî/} � ��� ��'  " ¡ |uÑ : Ò 2A@&B �<C Á Ì�Ç�Ý ø à ©*ªS« ¬$+ -!D&EF ½ y'z�G H �JI K�L ÞDÖ'|����$ÁBçM ± F � > y-z5G H Ç ¬ à £�¥*½ ¬ � � �<� ��� ��'!N �PO � Ö$|S���ÁS¶ à £S¥'½ | ��� í î �-Á ? 2,�$3�4 ¬ à 3 Q Ç)R�S ¯ ¨ ? 2�� à�T�U ¶V�W X Lane-Emden Y Ç 	 î ÷ Z é Á ? 2J�)[5\ ��] 1 ^`_�' a b�¬Pc � Á
morphology

�,O K à�d*Ò F ��] 1 ^e_�'5aSÇ)� Z é Á Ö�b����-Á�çBÖ X ? 2
� G H X 3�4 X R�S � ¬ à!f Q Ç�g�h ¯ ¨<i�j � � �!k ¯B°S¦*� �<l U

à
V�$m ¼ ¨ · ¶�n�o ��� Á�çqp5Q b rsQ Ç ¬ à homology invariants U b V t m ¼° >�u�v XPw&x — y<¸'½ X 3�4 b Schönberg-Chandrasekhar ß!z X Ù�{ à}| ?!->�u�v XP~ F ����D w — � � ¼2°!R�S-ì Á/ç

5.1 Schönberg-Chandrasekhar ß!z
£S¥�½ �!� ��� ��� ��'$N ¶ ��¼"ï Ò$à�� � X<��� u�v�> ¶ ~�� b ¯B° X��� t�� ¨ ì X Ç à�� E X!~ ÿ���� b!� W �!y ¸�354 ¶���� �!Y X�� b �
b��$Á�çqy<¸'« ¬ polytropic index N =∞ X ] 1 ^e_�'5a��Pk<À ì Á"¶ à ������

U = 0 t�� �'ì Ö�b<�*Ç ø�� ¼'ç V5� à��&� �<�5 5¡�¢ t O � X�£ à N �¤ ß X ] 1 ^¥_�' a £�¦ j £ ø�§"ç N < 5
X ï&¨ ©��5� £ X)ª z&� � U = 0 ©

V → ∞ tJ� ��ì�Y £ © r → 0
£ ¤ « � mass Mr �¬ § centrally-condensed type X 6X ��®�{ ¯/©A°�±�² t�³ : �5´��&� X 354 � µ X Y £ ��¶ Z<· §¸s°�± £��� � u ¹ � º<» 1¼!½5°)±�² t O ¾ G H X ��� X ���3�4 � ©�y ��¿ b
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centrally-condensed type X ����� X Y t�� �`¨	��
 £ 3 U Z�· §P¸�
11 X U − V ���� �P© N =∞ X y � °$±�² b N = 1.5

X ��� X 2
¾ X polytropeX d ¨ £�� ZP· §�Y t�� ¯<��¸�y � X polytrope X U − V curve � X���� X�� £� ¨ ����� £ � §���© fitting point � °)± � ��� · §����� "!&°)± b<°�±�² X��# b X%$  �&

δ = ρc/ρ1 (88)�%' º (*)&§ +-,/. 0�1�2 3 � °!±�² 0 ��# t54 6/7 ¸98 · :�:�; �$©=<�>�
V/U 05? ��@�A 6 §�© δ = 132.9

£ < ' ? V/U = 2.9 ��B ¯P�5C�©ED�F ��G H ©8�0�C ;*@ D I�J�K �%L MON ¯QP�RTS 0VU M5I�U W ¯�)�� � ¦ XZY ! Y (µ�:%[ )&§P¸\	]�^ [Z_�` §�a � °±�² 0 mass fraction q = M1/M
� © fitting point � �	b�cd 6 § [�e Y </> �f@T' 6 §�©g8/05hji ��kjl £ � ) Y ¸ � 12

[ a � °<±
² 0 mass fraction I)°<± :e��# : 0 $  �& δ 0nmV1 : ¯�!V� ¯�o!¸s°<±�² 0 _` §fp�¨ � ©

q ≡ qSC = 0.393 ∼ 0.339 at δ ≡ δSC = 36.7 ∼ 31.6 (89)

(for N = 1.5 ∼ 3) £ < ' ? [ B 6 §$¸ µ 0 � I*q ��§ : D�F ¯ © δ = 4.4×103 ∼ 3.84×103

£srTt ? q = 0.238 ∼ 0.208 Ivu !sw x @jA [ G H§P¸ µ 0 µ�:!� © mass fraction yµ 0s< ' ? I�z ¹ §�a � °)±�² 0�{5¨5© ��� : 0 ªZ| £ 0s}Z~ 0s�Z� I5�o/6��Z�TZ� )VS y�®Z� ¯�) Y : Y � µj: £ ©=�	� I�}j~ [ 6 § : ªj| £��  y���}�~ [ )5§ : Y � µ�: I � � 6 §P¸
¯so�y9 "!�©E� � [��Z� [ ®j� � º���aZ� °)±�² [T�%� mass fraction

[ � �y � � µ�:V[ ) �<¸g6 )�� � � q < qSC � � ��{j� �%� aj� °±�² If� ¾V�Z�yn��� � � �Vy ��� | ? q = qSC Iv� ¹ � : ��¡ :5¢ H£��¤ 0�a�� ��� � � °±�² Is¥ ¹ � µZ: yT� ºV¦ � �T¤	§Z¨ I e � �T� b :*cT© ¯V)	ª · « ) �¦ � � � [ � ��� y�¬ º/� µ�:%[ )T�P¸ µ�· ��/®¿ 0�¯Z�n� �Z)%° ] : m} ±5! Y � ( ²Z³ 0 note ´jµ ) ¶¸·V¹�º 0 mass fraction y t »VY {j� �%� � I/·¹�¼ [V½ ¾ � +¿·V¹�¼ � ��À � 7 : ·�¹j�j¤ ys�ZÁ +-, Â/7�± � � y � b/ÃÄ + � � � ÃjÅ 75±�! � ��¤ yn,Ty M +Æ� y MO7 � 8�05Ç�È ;j: 0�a�� ��� [ÉZÊ 6 � Ë :�[ )	��¶g6	)nÌ � � ·V¹�º ���ÎÍTÏ 0��	��Ð�Ñ :�¢�Ò ÓÕÔ 0 &�TÖ I ;�× ¶=Ø�Ù � ·�¹�º 0 mass fraction y � | ? Iv� ¾ � : � � 0 c d [5e� �j�	�jÐ	� 0 l�Ú 0�ÛZÈ y ' Ü (*) M � � I ½ ¾ � +ÝÀ � 7 : ·�¹�¼ �5Þß +áà�âj7 I*u ! � ·s¹���¤ y�ã [ ,	Â +Æä�ÁZ7�± � � y � � � Ã�Å + �Tb�ÃÄ 7QIf~ ªZ� Ë :�[ ) M � » � [ �Z¤ y/, y � +Æä y ��7*å � [ ) M ��Óçæ 0& �TÖ¸0�Ñ [ ) M � 8�05Ç�È � � �T)�è�é y�ê Ü � Ë :%[ )Z��¶ë�ìZí�î ^ 0�ï Y I�ð�ñ 6 � :Q� q 0�< ' � $ ¤ & 0 t »sY δ = 16.6 ��ê Ü� ��� [ ) M � ·�¹/º ; mass fraction 0 � | ? � ; qSC = 0.078
: t » (ò)	��¶�ËË�� �	¡ :�ó ônõsö ·n¹T÷ 0 í	î ^ I µe = 0.617

�
µc = 1.327

: ±�o�¶�ËV0 �	¡0Vø : 0 $ ¤ & µc/µe I�ðZñ 6 � : δ′ = δ(µc/µe) ' δSC

�
q′ = q(µc/µe)

2 ' qSC 0�mnù yú ��¶ � | ? �%�j¡ 0�û�ü�ý [ åEþ ÿ ; R ) M � polytropic index y N = 1.5
� �

N = 3
[%@ZA 6 � : DZF 6 �ny � realistic )���àZù�1 I�� Y ÿ �j¡ 0�� í I5S( : � Ë�0�a�� ·�¹/º 05ä �T0�	�
�? �

qSC 'M1/M ' 0.37(µ1,e/µc)
2. (90)

:�� �5¶
aT� ·�¹jº [�� | ? y�Z� � ��ÇTÈ ������� � � ×���� ��� i � º ���y � ¾�� Ü o � Ü�� ·n¹�º ��� Ü » [!  � � Ë"� [#� ��¶ ó ô�õ�ö � ·¹�º y�$�% »�& o � Ü��('"� mass fraction y qSC )+* � ú & « Y þ o",Vaj� ·¹/º � U -9�s�#. �����#� y�¬ Ü ����� ë � ��� [!/ �10 2 ¶�Ë & ���43�5� å � � ]�^ � t »�Y �+� � {Z� [ ú o - � ·n¹T�T¤ y�6 Y o ` ��. �+�� � p-p }87�9�: y�¥�¨ �j��; Ã y�<+= > � > � � � ·V¹�¼ ���8. y � ¾��Ü o ú � �@? � � �!����� �BADCFE � ¾�G+H þ ÿ#> 2 ¶ 'I� Ç�È ·�¹�º ��J�KH�L"M ± � mass fraction

H ��N#O qSC

� � ¾ � � � ·V¹�º � � � E�P8Q � E �- � ¯+R�àjâ � ê ËD� Ë���E � ��¶�Ë & ES; ±fÿ �4�#JTK �BU Ñ8V � ��W ��5� ��¤  �° �SX > CNO Y+Z+[5ý �S\�] ý ^�_�` �1� a ��b�c ·s¹I; Ã8dH <�= e cf'I� · bBg"J�H�h�i »�& a�jIk c ; Ã�dIl8m b Ø Ò Eon8. HSp�q
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mass fraction q

�FE<G��H�� �  �� ��� ��� �I� d ���<�<��"IKH�� �(W�i b�c � d � polytropic index
�

N = 1.5 (
��

) � N = 3.0 (
 �

)
�J6�7 7 � �3� �3� ��� d �����<��"IK H>( a W�i b�c � d�
polytropic index

�
N = 1.5

cK7�� �ML>N � � d ��O �$?<A � ��B
log ρc/(ρ1µ1/µc)

cQP�N �
q(µc/µ1)

2 E �SRFj �
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e��#> 2��I��E�.�a � 'I�����8c � �	��
 b n�� H� ��� � j�� � b�c � �� �
mass fraction

��� E	��N K qSC ��� � R��+>�� c � ��� b n�� H� ��� �a  � "!BE�#"R%$�&�� ��E�' a �	 !E�.�a �

note.4 #"R"(�R	)+* catastrophe

,.-0/�1325476�8:9";�<>=�?A@7BDCFEAGIH�JLKNMLO�?P@0BQC.E78:RTS�U�V.WYXPZ�G102\[�]�^N=�OP_P`+aLb3K7cLd ef8F254T6Q80g�h�b3K.M�OD?L@FB%CAEA8:ikjlK�<mWQan�8AK:HT=�80o�GFp�qNrIsmMLOF`�aAbtK0cAd�e0u�eYGFp�W3v
Schönberg-Chandrasekhar limit^IwAx%132zyI^m[�]�^3=�OA_T`�{	|FrIsIMLOT`�}�^m~P��aY�7�+bYK���WIv�y3^3[�]D^=�OT_�{�|.r3sfMLO7`D^3=POT_T}�^f~T��1

Antonov (1962)
G�u�jlKN�T�DG3�F�";m�L�Nv\�1I/L�%^A�:�D�.=��QUP�"�m�D�.���LUQ���F�7��pN������b3K���WI���L`%^N P¡	�m¢JT2

(1)
?%�	£¥¤�¦7E�^N§L¨�13©�ª�«�¬�G�P��WQy�a®2

(2) ¯:°P±�² a¥³�´�U�^ ±�² H8
ρc/ρe = 709

�®µD¶LW�a�©TªT«T¬�8N=�·LGf¸A¹T�QG.p�WDyFa0�tº�bm�0v¼»N�D�3½�¾:K:2
Lynden-Bell & Wood (1968)

1Y2�H7=�^®¿.ÀQ�ÂÁAÃ�b¥K3�7�Q�ÂÄFÅ	bk2�Æ7Ç:È7ÉDGfÊAËLW®Ì.wÍ �¥Î�Ï:K7Ð:ÑFÒ	bY�Iv\=L·Ap3¸.¹F�DGLu�jlK:Ð0ÓFMAO7ÔFÕL8AÖLVÂ×�;t��WfØ��0W�y.a8Tp7�F�7Ïm2Ùy����
“gravothermal catastrophe”

aÛÚPÜ�¾7�mv5»7^YÝ.2
Bettwieser & Sugimoto (1984)1Dym^

gravothermal catastrophe
�t/A F��ÞLpDß3^3�T�T`�^

core collapse
a�àDá7â�¾ã2ä�F�P`�U1

gravothermal oscillation
8I×"V:W�y.a0�®º�bf�Nv\��|f1:�7åFæ�W7,7-3çAè%�YÃL�P�78N2é»^YÝF2

N êTëNì U�í¥î0ïFðQV3pm`�UA1Y2òñYó�^YôFõ�87ö�V0W�y7a¥83÷L{TÏQ|Ù���"ø Makino
1996 ù v

Antonov
a

Lynden-Bell & Wood
1m47ú.`��®ÊFõ"aFb¥KNû.üA�T��^Yï.ý��Nþ

f(xx, pp)
�Yÿ�����32 `�^���?��Q£Ù¤P¦3E

S
�

S =

∫

−kf log fdxxdpp/h3 (A− 4.1)

UI���LË�WLa�2
Maxwell-Boltzmann

8
S
^m§Að:¨�����¶�W�y.aI�®º�bY�Iv�yTy¥U�1f2�Å	��


ê �®Ê7õ"aFb¥KI2l��|¥^Y�7����DW�y7afGNË�Wfv����.=AO._F·���� (LTE)
���7�	bk2����ïLUA,:-A^

specific entropy
a

specific internal energy
�t2 »I���I�02 9	����^

s
a

u
U���Ë�aÛ2 `^:?���£k¤P¦3E�a ��?F@IB�CNEF1Y2

S =

∫

sρdxx (A− 4.2)

E =

∫

(u +
1

2
φ)ρdxx (A− 4.3)

U!��¶Q|Û��Wfv"�F406
M
^f`�8 ê�# V

^N�I=7�LU7�D�®�TK.�PWLa0Vz2\=����. 7¡D1%$.ï
& ÅL{�|®G�'�(�^

virtual Lagrangian
$.û

ξξ
GfÊ�b¥K

δW = δS − 1

Te
δE − Pe

Te
δV = 0 (A− 4.4)

δ2W = δ2S − δ2
( 1

Te
E − Pe

Te
V
)

< 0 (A− 4.5)

ÈFÉD{�|¥U�)�Ï�|���WIv�yTytU02
Te

a
Pe

1
Lagrange

^!*7�T�Aþ�U�PW3v\M�O�?T@0B�C.E^�$.ï�8
δ

∫

1

2
φρdxx =

∫

(∇φ) · ξξρdxx (A− 4.6)

(Chandrasekhar 1969)
G,+�(�ËLWPaÛ2.-

(A-4.4)
^�$:ïD1

δW =

∫
[(

1− T

Te

)

∆s +
1

Te

(

−1

ρ
∇P −∇φ

)

· ξξ +
1

Te

1

ρ
∇{(P − Pe)ξξ}

]

ρdxx = 0 (A− 4.7)

aYpAWYv y.yÂUI2
∆
1

Lagrange
$.ïQ����Ë 2 ËApIå0/t2

∆s = s(xx+ξξ)−s(xx)
v¼bY�N85j KI2 =���� T¡Q1m2ä©FªQ^21	34���D^�íAaYU65Fô�Ë�W�yFaIG.p�Wmv # ï�^,7 3 8 1mÆ.ÇAÈ.É P = Pe����Ë v
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��� ^
(A-4.7)

^YÈFÉ�8�5��
S
^f�Að7¨Q�7F�:¶�W�y.aI����W:GT1f2��
	P^2$FïQ�LaP|pP¾0���Fp�|YpF�:v�y3^�yTaI1f©Aª4143��4�T«F¬�^m=�·LpI¹T� Í �2)�Ï�W�yAa3GIÊ�bÛ2Âbf�78 jlKN2��F������-������NyFa��.p������ÂyÂ�%aÛ©��Dp��� �aAb�!

linear series
^~#"NúP{%| )�Ï$�Ly7a���%�&'�fv 1�3����Q�)(�*,+ÂË#�#+-�.�#.�/'0�1�2�3

E =
GM2

R

(

3ξ3
1

2ϕ2
1

∫

$ξ2dξ − ξ3

ϕ1

∫

ϕθξdξ

)

(A− 4.8)

%!�L¶�|��4�3v ¯m° +®�'5.�TÆ.Ç,+76 ±F²�8 δ = ρc/ρ1

��9���:�2<;�+$=)!�1�3	���Q��>
?0ËN«F¬��,)LÏ<�4+
�

δ
�A@�BLË4�4+�+.í��,��.$/�0C1D2�3FE�GH3�@$B�Ë4�����

δ = 709%AETð#��IJ=K� »�6YÝL3�M.�PË#�'�'� §Tð0¨L3�N�O�Ë��7PRQF6�SmÇ.¨L3F� Æ7Ç:È7ÉL�#TVU
!�W.åYXZ�

Schönberg-Chandrasekhar [ Ç\3Yç�è�·��NÐ�]Pª ² 6A5�^H��_a`�b4?'c�dH�NÊ$Ë#�7P

35



6
� � � � � � � �

= � 	 � 
 �

���� ����� � ����� ��� ���! "$#%���� �$��&!'!( �*) +-, . /�001#32�+$#5476 �98�: ;<�*)�= >9, . /�0@? A .�BC/9� DFE �G�! �IH JK,. 0L#NMIO "QPQ�GRQS T1U V /Q0GW-��.5BYXKZ�[�O "@#]\ �!�9^Q_I` T1a /b #dcGe�Z-[ �9MIO "G#]��� �5fKg W$hQiIjKk W l]mon�8I: ��p 0G� qrU�sT1t V!.GB
6.1

\!uIv��!�G^Q_I`Iw
-
c9wQiIOK#yxQz%{}|-~����9�

�Q&K'I( ��� � �d�*����� �$Z�[ "
M ∝ ρ

(3−N)/2N
c

05�!.@B��!��� �@#�� � ��K� �I������ ? "9#��I� �
(homologous) � � / � j ��� b nQ# N = 3

#%A .Q�"9#
Γ ≡ 1 + 1/N = 4/3

T@� ��Z-[ 0Gc��I��� �5�!� ��� ����  ��¡ � . /I0���!.��$¢G/F, "3_I`Kw ��£�¤ � . /-0�T1¥ ¦ b n�� .5B
1. N < 3 § Γ > 4/3 ¨ �@©Qª :

�Q&K'K( ?*«�V ¬L, .5Z�[
M
"-c9�Q�I� �@�® �$¯�I��?�¢ ��� / � j �5� b n�¢�° �@±�°�� .G� .5u!�G² �³B

2. N = 3 § Γ = 4/3 ¨ �G©Kª : ´Iµ � ¶F·�¸KO � 0�/�¹�? º@» + l ¼C�9¢ M
"Qc$��Q� � l ¬1�Q��+Q½9¢ � j / ��� �5� b n�c5¾ ?�¢¿P-� 2I2LÀ 2�.5B

3. N > 3 § Γ < 4/3 ¨ �5©�ª : M
"

ρc

�5Á�Â ��¯ ���*?-¢]^K_�` ? A!.GB � j � .0GPK� 2K25E�J*,�n b 2G�$¢ ��� >5Ã . 0LÄ �KPK� 2K2ÆÅ Ç9È3mÉn b 2 ¼/-0G�-��.@B
Ê Ë�Ì�Í ? "�¢ÏÎ-: Ð!¯

γ = (∂ log P/∂ logρ)ad = 5/3 > 4/3 (
��Ñ�i Ò�i ��© ª

)
?A qÓ¢]\�u�v!� �!"C_�` ? A!.���¢�h*Ô � ÕLÖK×�Ø �$a Ù-.C©�ª ��"5¢ÏÎ�:ÐI¯ "GÚ > �F� q

γ < 4/3
�Q� q-¼G.GBÜÛ�� �

1 Ý � T3Þ V . 0yß!Z "$h-Ô �.���¢
H→ H+ + e : He→ He+ + e : He+ → He++ + e�GàQá �Iâ Ù*. 0L¢ � j §ã�!�Q¨ >CÃ�n��Q� T3ä §æå-¨�ç n ºy¢oèQé ��h�Ô �ê!ë � ìQ� §îí�ï ª � ê!ë � ì-�Q��èIé ¨ �5ð ��,�n�ÛI� �$ä §æåI¨ ¬C�I�+Q½ � u �@K® § ÁIÂ ¨ "@Ú > �y��.@B b +��rmñn�¢ñ&Kò!H�ó �Gô@õ!�@öI÷ �ø ��°*ò �@©Iª "5¢%ù5ú ?�ÖI×KØ �9a Ù*. 0@�-$û Í ��Î$:�ÐQ¯ �

γ < 4/3
�� qÓ¢%�Q�� "C\ uKv�� �G^I_K` �Q� .GBNh-Ô �G©Kª ��"5¢<�Kü�n �GÑ�i �h*Ô!¢dA!.*��"G¢ íKï ª b +Gý þK?*¢�Î�:�ÐI¯ �$ÿ�� ��� �G± b ¢%�Q�� "\!uIv�� �C_I`K�I¢ÏPQ� ï�� ¢ ��� / � j "@à�� b ¢ � j / ��� �C× �9.5BF/F,��¢
	 ���� �
� Õ����Q\ ��� 03E���� ?!A�.@B

2�+�¢
(4 ∼ 5) × 109 K

T@Þ V .���Û ? �9¢�� ��Ò! H�hKi���" # $�a ÙK.K+½9¢YÎ�:IÐQ¯ $
γ < 4/3

0��rm n�¢&%�')( $$\!uIv+*��@^I_Q` ���!.5B,� �5Ò� �@¢YMKO ��-+. ��/Qf �Ca Ù*.5BÏc9�Qú �0� $21K÷ >@, . 0L¢3� �0/ º ï ªê�ë � ì*�4$�X Ù9��+Q½�¢65 ê�ë � ì-�!T�ð � � + b + /Q09��� q ¢¿P�,879 ¢6� : ¬;� .4%<'�( �Kc��Iú � º]m6= ¬>�u�? � j T0@ ACB D�E���� B)FP�� ï+� ¢3��Û ��� q ¢
G����+�G¢3H<I�\ � ê ë � ì-��$25�i � ï ª ê�ë �ì*�!TFä J B!l ¼���� q ¢3� �5Ò� 
56Fe −→ 134He + 4n + 124.4Mev (91)$�K L q ¢Y\�uKv *!�$^I_�`�w $�M<N O�P B�FRQ��Qú ��?<S �G¢]Ñ�T�5 $�Ò UGnQ¢35CT V ��à+" u $�² W�X ¼G�+� B E3��YC?!S �8Z L�B § Á![ O2PB

)
F]\ : ¬?C^ U�_ Ù4`�a!b � D2��Q��+5 cdZ ½ ¬eP!_Qà+� f B9¢g B�h�$¢�D2� X ¼�����Û ij�Ck+l ��Qdm�ú!Ò n �$¢
oqpsr t4u)v8$�w<x c�" # f
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2γ ←→ e− + e+ (92)T4T�d M�jhk�xml M�n�o p�&=K�L q�r�s<l nCghg
S
&WDt�M�nho0S
u�v c�wO Wx_ g�wm��x�� n p@&4d�e f M�`�yCc@&�z\jm{�| S

γ < 4/3
q@_ E6&~} � c���h� c�_0g@i�0c M
�4x M
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S
&���M�¥ M�¦§ p)�4x ¨ �~���
© _0g@i4�^ª S
�� ��w �)« #�% &~�h¬ M@[ Ex¨'�¬ S)®¤6&�0/^�h� ¨ ��g�¯�° S\�� �^w �\« � ��± � ���h� ¨) h¡ ²³&43�5�& ������ M ± emf�´ gµ¢ PhQ)¶ R^· S@�m/mP�Q@¶ R^·0¸ V ¹ EF&,��º�»�¼ S@½¾�¿ g ��q'¨D_ g�i��`�hS\&ÀT^Á�d C�Â º���e ±0Ã g�i³� ��¨)��ª M)Ä .@«��º ± p@&¯�° SDÄ . ¤;¢ 3�Å ¨ �Dg@3h5 S�� .�g'Æ ¨�Ç M)ÈhÉ�Ê�Ë ¨@ÌÍ ´ g ��q)¨h_ g@i��@M #m% p@&43�5 p�� �0�`2�&�Î�M Ï�Ïµº�»�¼ S 8m9�:<�Ð > · ¶ ¨D_mg ��q@¨D_�g�i

6.2
}m/�Ñh�m_ ��� ( M�É�Ò

Æ�Ó MhÔ Õ Ö³× · Ø M ��� ( M
ÙmÚ ± p
&�W�t�Û0»0¼ ± r Ü
Γ
¸�Ý � ²Þ i�²�ß ²x&~àhámâ ±

γ < 4/3
¨�_ g�Mmp�W�t\Û ã�M I � ± Ã EF&�Î�M #h% ¨p ��� ( M�É�Ò ¸`ä�å qx´ g�iA��� ± Ù�Ú ´ g�Mhp�&=}�æ J0ç M�z
j ��_'è} ¨�d ´ g�é M'Å�ê ±mÃ g�i£ë�ìhí�î

(subscript 0
±)ï�ð

)
ß ñ�M

Lagrange
��_è�}

(∆
±)ï�ð

)
¸µò ó
r = r0 + ∆r = r0(1 + ξ), P = P0 + ∆P, ρ = ρ0 + ∆ρ (93)q�²µ�
&³ô

9′ õ (10′)
¨
öh÷@ø�È M�ù ¸µú ó Þ }m/�Ñ��h_ J s�û

∂ρ

∂t

∣

∣

∣

∣

Mr

+4πr2ρ2 ∂

∂Mr
r2 ∂r

∂t

∣

∣

∣

∣

Mr

= 0 (9′′)

∂2r

∂t2

∣

∣

∣

∣

Mr

= −4πr2 ∂P

∂Mr
− GMr

r2
(10′′)

M�è�} ¸
1 ü Ï ± q)g�i Þ�ý ²�&;z)j�þ�s ¸µò ó g^M ± &

∆P/P0 = γ∆ρ/ρ0. (94)ÿ�� M J s�û (9”)
M�è�} p@ö�÷���È ± .��\&

∆ρ

ρ0
= −3ξ − r0

∂ξ

∂r0
. (95)

�x� ¸�� Í ²µ�
&�¬ M�èD} ¸���� ´ g q
	���}�ª�����
(10”)

M�è�} ß ñ
∂2ξ

∂t2

∣

∣

∣

∣

Mr

=

(

4π

r0

)2
∂

∂Mr

(

γρ0P0r
6
0

∂ξ

∂Mr

)

+ 4πr0

[

∂

∂Mr
(3γ − 4)P0

]

ξ (96)

q�_mg�i
Fourier ��� ²µ�

ξ = ζ exp(iωt) (97)
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q�� ¤@q������ �
	 q�_ � 	

L[ζ] ≡ − 1

r4
0ρ0

d

dr0

[

γP0r
4
0

dζ

dr0

]

− 1

r0ρ0

[

d

dr0
(3γ − 4)P0

]

ζ = ω2ζ. (98)

�x� p
Strum-Liouville � M
�s�û ± 	������ ¨���w�� ω2

0

S ��� ²
	���� M��)|
u
¨�d ²��

ω2
0 ≤ −

∫M

0
u∗L[u]r2

0dMr
∫M

0
u∗ur2

0dMr

=

∫M

0
3(3γ − 4)(P0/ρ0)dMr
∫M

0
r2
0dMr

. (99)

����� ± p
u = const

q�� « Þ
*
i �mÈ S�� ¨h_ g ��q'S �h�m�! M�"�È�#�$± 	%���&� �'	 ¸ É ( 	%��� �\| ¸*) y0g q 	

ω2
0

p �`� � � w � ¤³_mg@i,+- ¨�. g0� /�¨ 	10Dt)Û ã�� ±
γ < 4/3 2 Ê�Ë 3 Ã g ��q43 	 �����5 2 ä�å#&$ ¨�n�o�´ g ��q ¸46 ²µ�h«0g�i

6.2.1 Pulsaton Instability

ω2
0 > 0 2
7!8 p 	;zDj � 9�è�} ¨;: ²�� p �m� ± Ã � 	ë0ìmíhî 2;< ��¨=!> ´ ? ��@�¨�9 ?;A�� 2 = B 2;C�D E energetics

ß ñ�Ù0Ú ± (5?;A =!> 2
energy E 2 � § E

dE

dt
=

d

dt

∫

(
1

2
v2 +

1

2
φ + u)dMr

=

∫ M

0

T
ds

dt
dMr −

[

4πr2Pv
]M

0
=

∫ M

0

εN −
∂Lr

∂Mr
dMr

(100)

±
F�G0± (�?
**
A =&> ¨�H /JI�¬ @�K L ÖA×�M · 2 � § ¸

T = T0 + ∆T s = s0 + ∆s (101)

@�� ¤N@ 	
1 <�O 2 =&> 2 ÷ 2 energy gain W E

W =

∮

dE

dt
dt =

∮

dt

∫ M

0

(T
ds

dt
)dMr

=

∮

dt

∫

∆T
d∆s

dt
dMr =

∮

dt

∫

∆T

T
∆(εN −

∂

∂Mr
Lr)dMr

(102)

@*9�?
***
A

W > 0 2*7&8 E 	 =5B 3
P&Q0´ ? R�@'¨�9 � 	�Rx� ¸ =&>&S&T&U @« /VA�R 2 S&T&U ¨ E 	,��¥ 2*W�X 2�Y�2*Z 1
ù 2*[�\ Å 3
]5^�´ ? 7&8 @
	Z 2

ù 2'_5` 2
a b ¸*c d ?
e�f�g�h 3�]�^ ´ ? 7�8 3 Ã � 	�Î b i�b ε jk
(mechanism)

� l ¾
κ j k (mechanism)

@4m n b ?�Apo5q E 	sr�t u 	vf�w x�y@�( 2�z I0ö u _�` {}| (!@ d�~�� d 	���� x%�5I u�9��,y @�(;u _&` { l��� ��� 3 x ~ � � u*�&� � ? R�@�u l�� ~;� =�> 2 =�B { P�Q ��� ? j k3N� � 7&8 � �����&���&� 2��&� � l
��� ���*� 2
 �¡ � �'¢�£ � b ?�A�Rb u�: x ~;�¥¤ q 2*7&8 E � [�\�¦ E�z I � K�§N¨ ©�ª*«�¬; 3;® ¯ �°9�?2�� � u = B { P�Q �N� ?
± ²�u�� �°3 � [ \5¦ E�Y;³&´ u�µ U � b ? 2� � YN³�´ 3 =&> � ? 758 u S&T�U�¶ u�· ��R&@�u&9!?NA ��� ¸N¹&º � E �=�> ¸ = B E
» ¼ ¸�½ ��¾��!� � ® ¯ � ��¿!À ¸ ® ¯ ¾ Y�³�´ ENÁ Â =!>
*

∫ M

0

u∗L[u]r2
0dMr =

∫ R

0

4πP0[γr0|
du

dt
|2 + (3γ − 4)(|u|2 +

d|u|2
d ln r0

)]dr0

−4π[γr4
0P0u

∗ du

dr0
+ r0P0(3γ − 4)uu∗]R0 .

Ã o ¸�Ä W&X ¸ Y�E �ÆÅ&Ç � P0 = 0 {�È&É � ? @%Ê Ë�?�A
**

∫

1
2φdMr =

∫

1
2Gφr2∇2φdr =

∫

−GMr

r dMr {}Ì Í A
*** Î�Ï&Ð�Ñ �!E local

u
εN − ∂

∂Mr
Lr = 0 {�Ì Í A
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x�� ¾�¸ � � R ¸ j k E � ��� ¾�� x�� x ���
	��� ¸ ∼ 100 � ���
� ¾
���b���� ¸'¹�º ¸ l Í u � _�`!» ¸ ] ^ ��® ¯ � ������� h � 4/3
u � ��� �� ��¹�º! 
" �&r�# u%$
& � � l Í u!� ' � ε j k ��( &
)+*+, u�� � � xy-�%� ~���. b ��¸ ® �-5º � ���0/21�3�º u�4 x65 ³&´ ��7+8&¦ � £ ¯-�l Í u2�
� � � ( & �:9�; x ~ $
<���® ¯ �=� ' � Å&Ç � �>�- {@? A � �B Í u���� �C��¸�D�E5��¹�º ¸:�� �GF2H x � ( & �%I J�� . � u��
� �

6.2.2 K ® ���º ¸GL!M-N O �P)2*2,2Q
�� ��R!S � � �

2 T ¸:U (35) ��V y B Í u �XW!Y ¸:Z
[ ��® ¯ �@��� ¸� ��¹5º ¸6\�] � N = 3
¸�^ � _a`�ª+b � ¸ �!c � B �=��� � x�y-�1� ~;� K® ��&º � �*� β = 4.27µ−1(M/M�)−1/2

� ½ � ��� ' �d�:�2��e f
γ = (4/3)[1− (3/4)β −

(1/8)β2]/[1− (7/8)β)]
� � ' � & O �P*2,�Q ¸6g�h � �+� 4/3

uGi j ~ � �=�+� �k ± �0l�m n�o�¾�~ f}�pU (30)
B ' �

R = (Ξ/Φ)GMρc/Pc � [ Ë ��q � ¸ � �Xr¼ l�m Rg = 2GM/c2
� ¸6s f

R/Rg = (Ξ/Φ)βc2µma/2kBTc = 4.6× 1012µβ/Tc (103)

� � ' � k-t L!M-N O ��· E f · ¾-u ��� �wv Ë+x �
M > 106M�

�
Tc ∼ 108 K

� �� �
R/Rg

<∼102
� k�t L+M-N O � ¹&º ¸�r ¼�Î&Ï ¸6U �

dP

dr
= −(ρ + P/c2)

G(Mr + 4πr3P/c2)

r(r − 2GMr/c2)
(104)

� �!y�Ë ��q � �G.*¸ ±�z U ��� Tolman-Oppenheimer-Volkoff
±�z U �|{ x q �� �

Rg/R� 1
��} u;�

1 ~ ¸6� & J �:�2c (post-Newtonian approximation)
� � �

dP

dr
= −GMrρ

r2

(

1 +
4πr3P

c2Mr
+

P

c2ρ
+

2GMr

rc2

)

. (105)

.�q ��� k�t L+M Q�� N ¸ · E � È&É � � � ���� ���2� ����§
¨ ©�ª n fr ¼ ����� � u'��r ¼ ��� �=�+� . � ��� � � � � } y�� � u��|.*¸ · E �N·¾-u �@� � �
4/3
B ' ® ¯ ¾

γ
n6M } u f°� & O�n )�*�, n � ' Í � . � �@�� � � �

k�t L!M Q-� N ¸ · E � È&É � � � � & O )�*2,�Q ¸6�2� �

γ − 4

3
=

β

6
< 1.1245

Rg

R
(106)

� [ Ë ��q � ����� ¸ note ����� � β
�P�� ��� J � u5¾ � ¸ � �=.*¸6��� �P� � l�m ¸���� nG� ¯G� �!u

R < Rcr = 4.8× 105µ
( M

M�

)3/2
cm (107)

� � � � � �-� � �0�2 �%[ Ë � � *
, n%� �!Î�Ï �P� o . � ¸�� ¯!� lm n � µ
� ��� . � n � � ��/�1+3!  ¡ ¸
CNO ¢ £ ¤ ¨ 8�¦ ¸ £ ¯���¥ À�

T ' 7 × 107 K
�@¦ � �=§ /-123-  ¡!¸:l�m � § ^ ¨ _a`�ª+b

N = 3
¸6© � ª §

Rms = 8.3× 1010(M/M�)1/2 cm ( «¬T ¸�U [30] �!� )
� �
� ¸�� § � � ¸�%h�l�m Rcr

nM ¦ } u § /-1�3-  ¡!¸�¹�º ¸:�� ¸ � µ:®
Mcr = 3.6× 105M� (108)

��,�¯ ° q � �
M > Mcr

¸'¹!º � § /!1�3�º n � � ¤ n § & O n )!*
, n �' § �&¸ J2J r ¼�±�² } u § black hole
n �+� �
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note.5 K ® ��&º ¸ energetics

� ����������	�
����������������� ���� "!$#&%(')��*�+$,�-�.0/21�35476�8���
M
�9�

M =

∫ R

0

(ε/c2)4πr2dr


:-�.�/;1��=<?>����"�A@CB��" :!D#5%C�FE�GIHI�J6�8&�" K!�#5%�L�M�N:4O<�>(���$L�MN"PCQ�@CB��" K!�#5%
Mp

�RE�GCHI�)PCQ��;<�>����
Mm

�9�TS:1&U:1��

Mp =

∫ R

0

(ε/c2)(1− 2GMr/c2r)−1/24πr2dr

Mm =

∫ R

0

ρ(1− 2GMr/c2r)−1/24πr2dr


�V�WYXZ1�3C4\[�[]
K�
ρ
�9^��D�9<&>��5��_?`�
&aYbc�

Mm

�9d$L]e"f�g�3Ch�ikjml\no <&>?�5�$LK��p�qDrK�5
&a?3I476�8��? 2!�#�%
EG s <&>"�5�YL]Mut:v(�?@:BD�? 2!#5%

ET

�;�TS:1�U:1K�

EG = (M −Mp)c
2 = −

∫

GMrε

rc2
dV − 3

2

∫

G2M2
r ε

r2c2
4πdV

ET = (Mp −M)c2 =

∫

ρudV +

∫

GMr

r
ρudV.

[�[�
:�
u
�;w�x����Da�qYby�(@;B��" K!D#�%�
K�

ρu = (ε− ρc2)

�aYbz�

P = (γ − 1)ρu, γ =
4

3
+

β

6
.

��{ �F+ (105)
L

dV = 4πr2dr
L:�&pK|:}�~�g&3 s �

3

∫

PdV −
∫

GMrε

rc2
dV +

∫

GMrP

c2r
dV − 3

∫

G2M2
r

c2r2
ρdV = 0.

[9�9�(���$�T�$L s 3 s virial
-�� o �(�&g�3C4\[\1DL;���&3 s �A���" :!D#5%"�

E = ET + EG =− 〈3γ − 4〉
3〈γ − 1〉

∫

GMrε

rc2
dV +

2

3

∫

GMr

r
ρudV

− 〈5− 3γ〉
3〈γ − 1〉

3

2

∫

G2M2
r ε

r2c2
4πdV

N = 3
�2��i��k�5%"�"�9�$L]���(|2�2��g�3 s

E

Mc2
= −3

8
β

Rg

R
+ 1.265

(Rg

R

)2
.

[y1��
E
�;Q��&�:���

(R = Rcr)

:�"�(�$L s b��TS(�K����GDb9/�X o9��� g�3 s �R�"W��|:�?���Z�A<"�"�"�$LI��W�3(� o G�b¡ �¢Kv"�? 2!�#(%(,K£"¤ s v&3�[ s\¥ g&v�¦�§ ¥¨5©:ª ,:«�¬ o9(® - o v�3�[ s L�¯&°�g�3C4

6.3 ±�²´³ µ0¶�·¹¸�º´» - ¼�½¹³ ¾´¿YÀ´Á�ÂÄÃ�Å0²0½
6.3.1 Æ�ÇÄÈ0É Ê ËY¿�Ì ¸�Í�ÎÐÏ ¸DÑ�ÒÓ�Ô0Õ�Ö ¸D×0Ø�Ù9Æ�Ç µDÚ�Û Ü�ÁYÝ´Þ$ß à�á0¸�âÄãÄä å�æ ç;è é¹¸uêYÙ(ëì í�ì ¸mã�î ÁmÙ(ë�¸ï¹ð´ñ ÊmÍ´ò´ÙD¶$óÄå�ôõ·�Ù�ö�÷´ã´Ç�ø Ê$ù�Í¹ò ú ¿û µÊÄü¹¿�ý�¶�þ ¶�Ù9ÆuÇ Á$ÿ�ø å�� �mÀ�ó���ÊÙ(ëÄ¸�����ø ÁuÚ�Û ÜmÊDÍ¶�·
	�� À´Ê� � � Ù��������0ê ���¹¿ Ö�� Á�� � �Cð0ñ Á�� �mÀ�ý�����ö
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� ¸ ��µ�ê ÁDÙ������ Á�ðÄñ ¸	��
 Ê�Í ¶�·�Äñ ¸���� å�� �mÀ�ó �mÙ����� È ¶�· ��¹ð¹ñ å�� ��ü ¿ µ´µ���Ê
��� � �¹ê ¸Yð¹ñ å�� ��ü ç�Ù�� å·YÙ Fermi �0Ç ê¹¾¹¿�Æ�Ç Ê�Á Pauli ¸ �"!�# å�$ �&Ù;Æ�ÇÄÈ0É %'& û úõý�ÆuÇÁ Fermi-Dirac (�) Ê+* ÀmÙ9ÆuÇ ¸Ò�,.-0/ Ü�132Tß % ΨkT µ'4 �$µ�Ù
ne =

∫ ∞

0

1

exp(ε/kT −Ψ) + 1

8πp2

h3
dp, (109)

Pe =
1

3

∫ ∞

0

p
∂ε

∂p

1

exp(ε/kT −Ψ) + 1

8πp2

h3
dp. (110)

ûÐû ê�Ù ε Á65 7�� 8�9 %�:<; ¶Yó�� � Ý Þ�ß à´á�ê ¾ ¿ [= (m2
ec

4 + p2c2)1/2 −
mec

2] ý>=ÄÈÄÉ�Ù�=���8"9 ?´ü×0Ø�Ù ÆuÇ ¸Dï�ð0ñ µ(Ò�,.-0/ Ü61@2 ß ¸ACB Á
ne = eΨ2(2πmekT/h2)3/2 (111)

ê�D E F ì ¿u¸YêYÙ û ì %'G&ô¡·uÆ�Ç�È0É ¸�H0I Ψ>∼0 %'J �LK�ú µ
ρ>∼µema · 2(2πmekT/h2)3/2 = 8.1µeT

3/2
6 (112)

(µe ÁmÆÄÇ ¸CM0N ¾0ó ç?¸�ö�÷�ã0Ç�ø êYÙIú ü�O PDö0÷0±´Ç0ï�Ù T6 = T/106 K) ýÿuø ¸ � �$À����6� Q R	�C�0ð0ñ ¸ S T0�6����ñ å6U À ( V [33]) ¸uê�ÙCÆ�ÇÈ0É ÁWU�ð0ñ ê04 �u¿ û µ T�ü¹¿�ý
È¹É å0X ÀY×ÐØ TÐÁmÙY��� ¸�î � Á��´ñ T Ë FWZ´Æ0Ç¹ð¹ñ [<\�ê"] ^Ä¿Ë _�TÄü ¿�ý�`"a�È�É ¸CK¹ê Á�Ù9ÆÄÇ ¸�ï´ð�ñ µ"î.� Á Fermi ����ø pF %�bÀ�·

ne = (8π/3)(mec/h)3(pF /mec)
3 (113)

Pe =

{

(π/3)(mec/h)3mec
28/5(pF /mec)

5 (N.R.)

(π/3)(mec/h)3mec
22(pF /mec)

4 (E.R.)
(114)

ê�D E F ì ¿�ýyÆuÇ ¸ ��� Ý¹Þmß àuáuå6= ��8"9 ? (N.R.=non-relativistic) ü�×Ø µ �.8"9 ? c E.R.=extremely-relativistic d:ü�×0Ø ¸ e0f Á�Ù Fermi Ý´Þ$ß àÄáuå
εF = (m2

ec
4 + p2

F c2)1/2 −mec
2 å
� g Ý Þ�ß à0á mc2 T�hCi ú ¿ Ë _�T0ü ¿ µ�À _jH

I c ûÄû ê ÁDÙ pF = 2mec µL4 �kdIê�] ^ ç Ù
ρ = µema

64π

3
(
mec

h
)3 = 7.8× 106µe g cm−3 (115)

ê¹¾ ç�Ù û ìl � ¸Dð0ñ ê Á ��809 ?´ü�m çon À�å�p�q rDü´¿ýts�óuåKôvuYÙÆuÇ w�È�É�î Á�ð0ñ w�Amï r�sWuÐë ì í�ì

Pe =

{

(4/5)(π/3)2/3(h/mec)
2mec

2(ρ/µema)5/3 (N.R.)

(π/3)2/3(h/mec)mec
2(ρ/µema)4/3 (E.R.)

(116)

r�ü ç Ù�=���809 ?¹üm×�Ø Á N = 1.5 Ù ��809 ?¹üm×�Ø Á N = 3 w"- x y{zÄá.|
rDü.}Dý
Æ�Ç å0X �KÈÐÉ ú } r&Ùj����� w�Î ? üC~ }	� �¹å ÓÐÔ¹Õ´Ö wm×ÐØ r��ü }Yý���� wC�ÐÉ T Ë çKî � å Ú�Û Ü�w�î � %	� � } (Pe � Pi) Ë _�T´ü }
r"Ù]î.� �ð�ñ êC] ^ ç�Ùo��ñ åC�´Ò sLu �t� O F�ü���ýLsmó�å�ô�u�Ù�
�Î¹Ù�.� êuÎ w.��� ç?å �:ô�u �L� � Ý Þuß à�á<w6� � ���<� ê ��} Ë _�T�üç Ù δE ' δET Ù |δEG/δET | � 1 Ù ú¹üO P�Ù@�0� � w�ÍÄÎ ��Ì w���� wDÎ.��,�� rDü
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I. ��� ��¢.£ þ F w6¤�¥ T ¦@§�u�¨ ©�ª «�¬ %  _L®"��������¯ T ¦@§�u"°± ®² r	³´§¶µ ��r+· � �	¸�w ¹�¥ T ¦�} ±�º  r�r"�CT��6� w	��» ®�K
® ¼½������a�¾ ® ��� s�u.� ��¸�r6T�³ }�¿+¸�w�À�Á<�Â�.Ã�Ä T���Å�Æ<Ç
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Zv�j�"O �0�"�6� ����� �.· �.} ¿�¸	wC�0� w ��¯�� ·�� E F
	 µ ��� ®���� � ·���}	¿
II. �"� ����� ��	 } r���w���� T��'§�u���» ®C��� � }"w"·����0� ®6��¯ s
µ���� ·�.Ã�Ä T�Å�Æ�� } ¸�r	®<� } ¿+¸�w�À�Á<�@�.Ã�Ä T ¦@§�u�¨<©�ª
«�¬�®���� sWu�������» ®���� sWu ���! #" %$��O<³0��w�·� ¨�©Cª «�¬� ��% ®�¢.£ & F w�¨ ©�ª «�¬6¤ �'% %�( � } r'�*),+ ¨ ©�ª «�¬.w'-. r�³ §�u0/�» ®,(�1 c32 ² w�° ± 4 d �5��w�6�7.�@�.Ã�Ä�% ®8(91<� ¨.©�ª
«�¬'� ��% ®:- . s�u � ;�T,/.» ®0(#1 s.rW�</<»�(#1 r ¨ ©�ª «�¬'��8% w�- . rL® .�= ��	�u�� > ¿@? ^ ¼���M0A9��Æ w�B�C c δE > 0 d ®,D µ �	 } r ��² w�EGF ¬ H5IKJMLON�®�P Q �@��Ã0Ä �$R9S � } ¸0r�T0³�}	¿
¸�w�� Ã�Ä w'R�S �6�!/.» ®,(#1 s	u"����¯ w'B#C U 112 V*T�W s��������
¯ ®'X Y�} Z�·'[ >C¸�r�T"³ }	¿+¸�w�\9] � flash rM^ �,	 } ¿ ��¯ ®,X Y
} r���° ± ®:_ T'` ¼ � . ± � } r.r9�:TC�*��a0b �� " c�d e f"®"�5�g'h g�i j k ¸ g  " g = ��T�l#m � f ¸�n0T�³ fC¿o " g = � k /.»g (�1 g�p�q0r » τexp = cP T/εN U cP

k ��a g's ��° ± V3·�t:u � ;$	"�	¸v	
n5w g�x�y�z�{ ³ p9q�r » τff = 1/

√
4πGρ n g °�| ·�o6�} ®�~ ³�f	¿

(a) τexp > τff

g À�Á : ��a8b k�������� cv� �0³0® ;* " �
��� ®9�8��¯ ®0X
Y�� 2�_ g ° ± 4 g�� y ± y#z { ³���� c,���#�5� g�h k �k¨ ©�ª «�¬g - . n�n9�8T�/�» ®�� ® ¼��<�<Ã�Ä ��� >'³ §��0R�S ®8� Z ¼�� LN = Lg���s ³��9����� ��T�� ��� >C¸�n�T�³�f	¿

(b) τexp < τff

g À�Á : ��¯ ®8X Y:� ��w g  " ®8� ¨ ©Cª «0¬ g - . T�  ¡9?
&�³�¡�µ�e'�O� y k ��¢ ;£¤�O¥�¦�§ ¢��#���¨R�S ¢�[ >,©�n�T�ª#f ¿
©g 6979�«�#� ��¬�� �®'¯ °0±:¢���a�b g�²�³ �®'¯ °�± U −E = −ET−EG Vc�( � f n�*��a�b�´�µ ¢�¶ Q
· ¸��!¹�º9»�¼�½ T�¾ f�¿À:Á ��Â g ��Ã k �G/�Ä ¢�( ¢ÆÅ�� Ç
�<È�Ä��!É y kvÊ ËÆÌ�j ��ª�¡ g Ã8���Â ¢0X Y�f n�Q g /#Ä k �#Â g B#C Í ;�<R�S T,Î#Ï �,¬ p g È�Ä g�ÐÑ n�ª f�¿$�'¬�¢*Å�����© g n�Q g �#Ò�Ó T Ô�f: ®8¯ °�± g ½�Õ�Ö k �GÎÏ p g È�Ä#�Ø× ª:Ù ���<��Â g0Ú Û Ã8Ü Z ÝÞ�<ß�È�Ä Ã�Î�Ï × f9à Ë �âá Q>ª#f�¿äã�å�æ�»�w T�ç�× f#è�é�ê�» g�ë�ì �îí�» Í ;5ï0ð ¢�ñ�ò ���,ó�ôT0õ���× f ©�n$¢�ö Q�f�¿*© g�ë�ì �oõ��9÷�ï g ï0ð g�ø9ù n�n�Ç,T8õ��9úk�û�g�� ü Ã,É9� Û�ý �!þ9Ä ¢�ÿ ¢ f�¿ ��� g�� ¡���a�¢�õ�� × f n�!É��g���� �Gó9ô�ã 	 Ã ��� ��� T�Î#Ï#× f�¿M© g�ë9ì k � (a)

g�ë9ì T�
9¬ Ý��
��Ò�Ó g R�S k���� { vi�� � �î��Â ¢'X Y�¬�
 n k �¤ó�ô  õ�� ��¬ ���� ú k���� �<�9����� g þ�Ä ¢0��¢ Ý�� ��s ª�������� � �� Û�� f ©9n ª#f�¿M�vÍ ��ª�¢ �*�!ó�ô�ã 	 g È�Ä ¢�� Û ¡�ú Ã k � x#y9z#{�p9q,r Ä ¢� ¡��:Ã8� ���  � ¡���¡�!,£,¥�¦�§ ¢�¬��M�"��#�¢%$ & Û�ý ' ¿M© ý ¢�º»�¼�½ �%(�) n+* , � ý � ¡ ' ¿.-�/�� õ0� �,¬ ��� ¢ �#s  � , ' n9èé�ê9» �8ï�ð ¢ ø�ù × ' ©9n  ª ' ¢:� û � ��� �$è$é9ê�» k ��� �M� ( �0�1�2

) �43%5�þ9Ä ¢�ÿ�6��43%5�Ã87 � ���  Î9Ï#× ' ©�nv¢�
 ' ¿v©9� ë�ìk ��È�Ä ¢�ß ¡��8Ã8� (b) � ë�ì �;: j <+= ' ¿5© ý ¢ Ia >�¹�º9»�¼9½ �;(�)
Ã�
 ' ¿
6.3.2 èé�ê�» ? À:Á �M��Â9É Ã @A, � ý ' »
À0Á ¢��9Â�× ' B �C�D#8E F�G�H �$�8þ�Ä ¢0�#¢ Ý�� �#¢��,� À:Á �M��Â9É%I ��� J�K L��'É M ¢�N�O Ã P ' Ô Q  ª ' ¿ À9Á�R Â ��#A�8S�T /�UV FXW4Y Z []\:±�^'Ã8ã�_ Ã P ' �0Ã`W�©�� B P��'ï�ð B+a b F Lane-Emdenc Í ��3�5�È�Ä � Ð Ñ B�d�e�f g � ý ' ¿ À�Á � Fermi h�i�j kDl�m�n�o�pq r�s ë9ì F;WtY Z []\`l�^�u Ñ F N = 1.5 Ã�
 ÝvW a b B ï:ð F û'ý w,ý W

R = 5.777
[ h2

4πGme

1

5
(

3

8π
)2/3(

1

µema
)5/3

]1/2
ρ−1/6

c

M = 10.73
[ 3h6

32π2G3m3
e

1

53
(

1

µema
)5
]1/2

ρ1/2
c

(117)

B s ' ¿ � � ÝvW�èé�ê�x ��ï0ð F`3X5�È�Ä � ø�ù Ð Ñ ÃAFD
 ' m8W a b F;W
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3%5�È�Ä ����� Ð Ñ ÃA
 ' ¿oÈ�Ä <���� × ' B W�ï:ð � a b Ð
	 m�� Í ý

RM1/3 =
1

5
(

3

32π2µema
)2/3 h2

Gµemame
ΞΦ1/3 = 0.040(

1

µe
)5/3R�M

1/3
� (118)

 Z������`7 ������� (µe = 2) Í � s ' è
é�ê�x Ã F9W������ � 	 Ñ F ' 0.013
B

s ÝvW a b F�� ��� 1/100 U"! B s '�# -�/DW%$�& � Fermi h�i%j k`lDmXo�p qr  s ' B W P ∝ ρ4/3 W@× s Ù '�W N = 3
B s ' �)(�W@ï0ð F

M = Mch ≡ 16.14
[ 3

32π2
(

hc

4Gma
)3

1

ma

]1/2
µ−2

e = 1.42M�(
2

µe
)2 (119)

B 3%5+*"!  ÔA�-,D-�. r �/ ��'�# Mch F Chandrasekhar 0�1#ï0ð B32 4'ý W$�& � R"5"6 ( @A, ' 7DB �)( P '�8 ð ��ÿ 0�9 < 
�:D, '�#.a�b F;W
R = 13.79

[ hc

4πGma
(

3

8πma
)1/3

]1/2
(

1

µe
)2/3 ρ−1/3

c = 0.011(
1

µe
)2/3ρ

−1/3
c,6 R� (120)

(ρc,6 = ρc/106g cm−3) (�W"385�*�! B�B�;8 ��� < '�#�d :`m>= e W@?"A�B�x (
C
x D ��� 8+E�F G ( HJI K�x � 8+E mML N < ' B W"3�5"*�! F ρc ∝ M2 ()LN d W a b F�W R ∝M−1/3 (�O R d�eQP RS# 8�E m Mch ? T R8B W43%5�*�! ��LN m
U�V W s X WZY)[ W�\ ] eDa`b ; � ^ R s = eQP R_#%8)E m Chandrasekhar0)1 <�`�a < ' B-b�c�dQe �8)Qf m s R s Xhg M i r W�O R d W@j M�k�lmJn 7 < #po�q W�F;WrY+s�t W�j�M)O R (Quwv�*�! m�x R s X WZyw:�W 6�R (z ! ;Z{ m |�sM(�}Q~�\ m
�"� d W `"� x���� mJn 7 < #
6.3.3 ��x s���0 8ME �Z� I�K�x
�"�
� s�� � � Tc ∝ ρ

1/3
c M2/3 (

V
[33]) Ww� Q #%��� W RQ5 sw�Q� � Tc ∝ ρ

2/3
c (
V

[112]) (�� � �J[ | #�d :�m�= e Wh$�& RQ5 �%W�� 8�E sw��x � ��� R � � *! W�� z ! (Q� n � | 7 � W s | # � 5 < | � u+v z ! ��� m |�s ("¡@¢
(35) ¡ (112) s £¤�Q� sM¥+¦ < | z ! ��¡ ���M� m�§�¨ ( � |��"x z ! m � �| # *�! m � � < | � ¡ � 5 m�© y
| z ! Tdeg ��¡

Tdeg =
2π(8πµema)2/3µ2m2

ameG
2

h2k
(
M

Φ
)4/3 (121)

(�� � �J[ |�s�(+¡ polytropic index
m

N = 1.5
��ª�P�e 7 s�¢ m 8�E W+« P�ec R��

M = 0.023(µ3µe)
−1/2T

3/4
6 (122)7 s
¢ W
¡ c ¬ } ~Q\ Ww�® s z ! � ¯�° T ' 2 × 106 K

m�± G < | � µ = 0.61 ¡
µe = 1.2 � � ¡h²�³"´�x sM� 0 8+E µ M ' 0.08M�

µ�¶ y�| #%8+E µ 0.08M� · � s�+�w� ( ��¡>u�v ( c�¬ }�¸"¹ W��"� < |�t W�$�& s � 5 µ © y X ¡ZY"s yy�¡ z ! µMº � ° ¡r$+& � 5 (�»�� ��[�: ������¼ � ����< | 7"� W�½ | #7 [ �¾s���¿ s º�À ��¡ Kelvin-Helmholtz s
Á"Â
Ã"Ä
τKH ≡ (GM2/R)/L ' 3× 107(M/M�)2(R/R�)−1(L/L�)−1 yr (123)

Å � Æ µ ¡�� 8)E ¿ ��¡ÈÇ+Ä µ � P (L ∝M3∼4) :�ÉQW ∼ 10 Gyr s)Ê�Ë�Ì
Ë Å�Í =R X �-º � ° Í RM7Q� W�½ X ¡�y�:w¡%Î"Ï z Ä ; � P :�É
¡ � IQK"¿ � brown
dwarf � ��¯w°+Ð Ñ ^)[ |)Ò 8"E µ�{ 0+9 W�? P)Ó Ô �M¡�j c�¬ s
} ¸�¹ �n � | µ ¡ZY s Ó Ô ; ¡>u�v z Ä µ�{ Õ < |+Ö × Å � ½ P s Å ¡ p-p chain
reactions W ��� � < | 7 � ½ R ¡ØY s y y º � °�c ¬ D �JÙ | H�I K ¿ W½ |�Ò
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�
13
����� ��� j	�"³�
�� s��� Ò � IQK�¿ · { swj P 
�� � ����� swj	�+O� W �@= °�� Ù ^�[ | µ ¡ZY�s�� |�� P ��� E W �@= °�� ½ |�Ò�� � s 0.08 ! · {s ���M� ��u�v Å }�~�\ W�� ��¡@��¿ � ½�|�Ò��	��� E s 100 !�" · { s�# � E¿ ��¡r²�³Q´�$ % W�& g('()�* W �,+ ° � E m.- + °�/ R ½ X ¡,0(1(2 W ��+ ° j

��k l ¯ `�� ¿Q� � m ¡43 | P ��¡ZY�s
t W�5�6 � � 7 Å '�) * WQ½ X `�� ¿�"� m¾n 8 ¯ ¡J^ ��W�j PwÓQÔ ��¡%j ��kQl ¯�° black hole W�½ |�Ò:9 ; / <�= ¿��¡%��¿ s�>�7�Á ?�¡A@�sw¿�B s ��� C�D u Å s Ì � E s.F G ? �:+ ° Å � |IH
� J�� µ�K LQÔ � ¯�° Ù�M�¡,N ¿ s � O�?�j < ;Ms�� P �Q?�@Qs�B R�s �"� mS�T ¯J°�� Ù P.U |�Ò
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7 � � � � � � II — � � � 	 
 � � �  Shell Flash

7.1 ��� ����� ��������7�Ù�J �����
� ¸�� µ ¸  "! #%$�&"'�� (*)4@�� ��+ µ Schörnberg-Chandrasekhar ,.- /10 $�$ % Å )2&3'�� 4 56��7 8:9 ;"Ë*< = ?6> < )@? ��ACB D3ECF�G ��ÁÂ�Ã Ä Å3H Æ 8 ��?Q½ I�ÒKJ�L ¸�¹CM �ON P"Q*R ��&3'�� � Ó Ô ) 8 �"?
�OA�B (�&.' Å N P"Q*R"S�T ?6UCV WX)ZY �ON P*Q*R.S�T ��$ %[D3\ ]%I]_^*` a 8 ��?:bCI�ced 13 �1f d (�� �I�3+ � 5 !�) � � �1g hji%k I ��l�m/	;on.p�q �.rOs �jJ�L�S�T t u*vON P"Q�R.S�T ? uOI.7 8"9 ;%w���x 7y �%zC{3|[} ^ ~ I*c�&.'C��<C� ^.JCL D"S  .! #�J�L��CS�T �*� ��� ���� (or�s ����� �ob����*� U I.D3)����O���O9C^ (�)2&*'��O<�� �"�%+ D
Schörnberg-Chandrasekhar ,3- /_f ������� I��:^:)j��� ]�]�)2&"'O� (1? �:AB /�` ��I �O���%bCIoc
�*��&.'�� �"ACB �*� � Iop[q �6�C� �*�C  �"��� (*)@SCTC� �.¡�¢ �$�£"¤�¥ ��b I*c¦� ��� �"§�s�¨[¡�© DOª � �O^.ACB � u�I�§�s�f�« (o�¬ b.� ��� y �*�[� / .$ 5�W�)j���*®[¯ )±°�²C³ D:� ¬ W��C� /�� � ´µ I ���"��b I�$�£3)@S[TC� (�&:'�� �*A[B �[(On ��� � ��b��Oc2�O¶C· *)@S�T�� ��§�s (O¸�¹*º3» �_¼ ][5"½:I�/�¾ ¿À)j&6'%� �1A�B �1> �*S�T� ��Á�s (�Â�Ã � I:$O£")@³C� ÄÂ�Ã � I �O�6�%b ÅÆ)��1�1Â�Ã W�$�³[��^��� /1Ç  [IO$O£��6)@È �o)@��� /��C� ´ µ �[�O�o? É /�Â 5Ä� ���6� u@��%)e��Ê Ë b*Ì�Í � I ���"��b I ÎÏd Ð�ÑCÒ�ÓÔcK��� �*� � �6Õ � I�Ö�× �$�£3r�s (�Â�Ã � I:D%)@ØCÙ�§�s D"Ú a�b ÅÜÛ�Ý Þoq�ß�à �oá � I âXã ä�1Õ[� I_ÖO× DoÂ�Ã WÄ)�å�DO�3)ær%s (�J�L���SOT � u3I"7�8*9 ;%w_xCç yâjèCé /_ê n u ë��Ob ÅÆ)@����ì íC��î h"I*c_��ï.ð%ñ ïoã ä (o)�d 10 ��òW*ó u ë_� U − V Ù�f ^ ô"9 w õ�ö �n.��  �6��÷ � IocZå D�� ø*ù ^�ú ûü R6S�T ��U�V�� ý.þ"ÿ1�1ï�������� ï1� �[�1Õ � ý6z�{ ô ∼ 3 Myr ^[~ ÅÆÿp�q ï���� â
	����� �"c
ú û ü������ þ�� �:ý â ÿ 3α ��÷ ôo§�s�¨�¡C© þOª �[ó�£�� ��� �Ow*xç ï�ø.ù�� ø�þOª a�ø3ù�� �"��� þ3x ç[� ý ��â.��b ý*c2�:¶ ��� �Cø.ù� ï polytropic index þ N ' 3 � � N ' 1.5 � â Â�Ã � ý ��â6�Ob ý.þ3ÿ���¶ ô1Ás ï�ø6ù�� ø�ï�Â�Ã â1bCý ( d ��Ñ�Ò ) c_�1ï! ø*ù[^Cï:ú û ü!� ï ��� â#"$ ï!% ^Cï�&�'�� ��� þ�(�¡ ) ÿ+* Ë �-,�» ^/. � ) ÿ1�oï3{ Î103254%� �76 £%�3ÓZr%s ô�¸�¹*º3» �1ê ó.¶ ý �Oâo�38Cý:9_�1ï3{:ÿ;&5'�� �5� � uý:ø.ù=< ï"�=> ï6��� âÄ�5� $ ? ï%ú û ü!� ï:@�A ï6Â�Ã ï�ó�£:ú û ü������B ô_���[� ý!9æº�C�&='�< ��� ô%¸�¹6º:» � â�D3�"ý"þ.ÿ ú û ü-�����ï1��� ��EO¶��6Â�Ã�ì íCö�ò[� �Oâ��=8Cý!9
øoùGFOú û ü-� þ � H�I J ý â
K=' âML�' � �N8�ý:ø6ù3< þ�O�A ´1¶ ý!9ú û ü-� �3� âjÿ±ø6ù3< ôNP Q������=� ö�RS� ) ÿ ú û ü�� $ ï!% F�T ���þ�� �"ý:9U&�'5T ��� ï�V=W â!X!Y �1ÿ±ø6ù3< ï����Z��� â ú û ü!� T ���ï�óO£*ÿ ú û ü�� $ ö[6 \/" $ þ*ã�ä�� ý ]Oâo�=8[ý"þ"ÿ �Oï1®�¯�ÿ^&�'�T��� ôo§�_ þ=` þ Åba c )�dOÿ ú û ü�� T �e� FOÇ H � ¶ ý.ú û ü�� T ���f gZh â
i=jGk ý!9lK=' âmL5' ïOøoù3< ï:��n���� þ:o \ â ÿ@ø*ùZp FZqr �Gs þ3� � Å ÿutev ô�P Q=q r �ese< â7w[á ).ó"ØCÙ x�� $ ö:y EZzG{â�8 Å ÿ ÛOÝ Þ[v�ßOà ï�|eC h âm} ~ J ÿ^�=} ÞNv�ß�à f gG� á k ý�9
� C%ÿ Úe��>�v ï�V5W�ÿKø6ù3&5' ��� ï:x3�=< ï���> þ/� � � ÿl� � ÿ���_�5��� ï:� � p-p �=����÷ þ��S� ��8:V=W � ô�xZ� � ôZ8 �#�S�=���=� F �H ý/9M����ó��3ÿ2ø3ù FZ&�' þ � H�I J ó f g F ø.ù�< �Z�5> ô Schönberg-
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13 ����� I �:t5v ����_ (L: �
	�� ) �m&5' �5�  � Q%ú û ü����� � � ý3�G��� ����w � B (LH: ���Cÿ LHe:
��� ��� ) �������� 9 | � � �=> 5M� v � E ��d5052e4 ����� ) � f g (ZAMS)

� �"!�# $:v f g ÿ ú û ü/� ø:ù �e� %'& d=��} $�v�(*) ��
� ) * +G� ,*-�w �Gk . ��F
/ ` � ��0 1 ��> �Sv � � E
�ed 2 3�4 � 576 < �=��> - Schönberg-Chandrasekhar 8�9 %;:H � f g
< = �=} $-v
(
) >-F %@? A ��9

Chandrasekhar 879*B ` F C DE/ 5F6 < � ��G�H �eze{ �JI K;L J /m�e�JM /N�O �!TQP�R � �TS d �=�/�7U - Schönberg-Chandrasekhar 8 9 %V: H � f g FW n�X�Y % R�Z k . ]�� ��[ .�\^] �
U �:VeW � �e_ �;_ A dF`e_ -7a b
���Fc /#]�� W n�X
Y �ed=| cF/f2 3�4hg 5�67i c�2 3;4eg i P
R � � c�k.hj � Y�s ��k�l (112)

�e� A'5�6 p c3q r Y5s - Z >F.F-F/ q r �'Y5s�m
-QnFo p:�'m�n % | q . � r[�7[ . �s/tmen � q r `
u �7v�cJw > Dx/^�
u� �e� A�[ � [ .���c�/un�y3z�{ �ez*{Q| � � .F} ~F� ���J��� �J��� %� � [ � [ .'\��-�e����/ z�{7| ���Q����u ce� W�� X
Y �'� >�. �7� �7[.�-F/��
� ��Y��Qm c=� � =�� .���,J� ����� � �7U ���F� [ ��c � 5 ������ / N
O �e �P
R � �¡S£¢ �FU -;¤�¥ ¦ . ���7§ � / 5�67i � m�Y � ��¢Ji
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@ � .'��� -BA $�¢ �h. � / 5 6 )Qu �
�*- D / 5�6�i @C)Qu�(�D �*E%F -'G � DE/���� H 9 c @CI�J�)�u K*�ML @��  � 6%N ¦ . \ 5F6Qi @�,�U @ ¤*¥ K; *P�R � O
.7-7/ 5�6Qi @�,�U @¤�¥ PMP7§��hPQR�� QC��� ¦ .�@Fc�/ m�Y�� Q�a b � [ S ¢Q5J67i @)
u Q
� Q S ¢#$ ���MP'� [ DE/SR Q ¢MT U'V g�PQR �'W�X ¦ Y�\ i#Z%[ ��W�X ¦
Y P]\ �! @ _ z " @?& ( [ @�c�\ thermal runaway Q�G b3\/^'_ i @C)�u Q��
� A \SR Q ¢ \ �a` � _ z " � [ Y P]\�� � A'¢-b�c [�T U-V gFP�R � 6�d¦ Y'\
 *P*R � 6�d A \��#� Q
� � ¦ Y P3\e)*u Q%� Q D5f#g h�i � Q�j � [
Y'\8I�k �?l�m n3��o�p�q'�%r*¦ Y P�b-�MK?\ �F��Y�� A?s'T UV gM^C_ i
@'t u�@ N�O ��� @�v c N�O  QP�R Q'G bMY s%w \yx%@� @ 9 o z � N�OP�R {?|~} s� , Q �"v�� � � � Y ��P�� [ Y�\;� �y�%� K\ T U�V g  M�� c'�
� n���o�p�q-��r�¦ Y PFb-� §~G �CY�Q'\s�*@*��0 K?\8� � s���� ��   {�� � ¢%T U'VC� � �� � ¦ Y sMw \ ��� � � � 0�� � � s�T U'VC�� O�� CNO � � �'��� �B� � � � s� ,#QBfMg qB� �C� � � � Y���l�m n
��o�p#q @��%r @*  ¡ � G ¢BY�£M¤ {3¥ 1 ¦�§ (first dredge-up) \e��� n���o�p
q @*  ¡ � G ¢�Y3¨M¤ {�¥ 2 ¦�§ (second dredge-up) P�©��C\?ª?@ s�w \�f%g @T UV?�C« Q�¤�¥ ¬�\� � \�¨M¤ @*�M0 K�® � Q�@?f�g�¯%� QC°�± ¬~\�² �
@?f�g�¯M� QC³�´#µ Y ª
P�
¶�Y?�
7.2 ��� n�·�o�p�· P T UV��C¸ � � @*¹�ºM»�¼
��� n?·�o�p�  ¡ @ T U-V���¸ � � K�\yx�@'v � @C½ Z�[ ¾ O�Y�#¿ PÀ Á �@�f#g#h�i#Â ¾ O�Y?¦#§ (dredge-up) @ s�w�T U-V�� Â Q�Ã �3Ä Å
ÆÇ ¶�Y ¾-È ÄMÅ-°�± ¬3Å�É Ç �;��Ê ¾ \ T UV*�C¸ � � QC� Ë�Å�Ì Ç P%P
Í¾'T U?V?� Â QÎ�Ï%\ ����Ð Â Ñ?v Ñ*Ò�Ó Q À�Ô µ Y�Ñ � \ ����¸ � ��Õ Q
³M´ ¬�Å�R�Q�Å T UV*�C¸ � � ¾�Ö }×Å'Ø�Ù Y ª�P ¾ ¶�YC� �M� � � ¸ QBÚÛ ¾�Ü�Ý » Þ�ß#{*à�á µ Y O â ¾ ¶ Y P T U'V?�-¸ � � ÑC°Mã Q'´%ã �CÄ
Å#É Ç ªMP ¾ ¶ Y� ��� � ��Õ Q T U'V?� � �%Õ Ñ 10Xs (Xs ä Ð Â Ñ �M� ¯
� ä ) å À ¾ ¶ Y P ( æ#ç è « Ñ ��� Á ��é�ê ��Ä Y Ü Ý » Þ%ß ä T UBV��
Ñ�xBÄ Ñ 10 ë � ì Y ªMí ¾?î�ï ) ðòñ ó�ô � Â ÑBè « ä °�± Á �/³�´ ¾?õ �ö ª�í ¾ ¶ u÷ðòñ ó-ô � Â øMùMú ¾'û Ç ¶ ö í]ü � x�Ñ-v � ñ óBô �B¸ �� ¾?ý%þ µ ö ª
í ¾ ¶ ö �ÿñ óCô �C¸ � � ø�� � ö í�ñ óô � Â ä���� ¬�ð� Ñ	��
 ���%¸ ½%� ä Ò�Ó ø�#ø/}×Å-� Ë�Å�ðòñ ó'ô �-¸ � � ��� ¾ ¶ ö �ñ óô � øC�M¿ �*Ä ö í���� ����¸ � � ø�� � � ð � Ñ*¨ ñ óô ��¸ � � í���%¸ � � {��	� ¾�� ��� ¬�Å É Ç ª%í ¾ ¶ ö ��� 14

¾ ª�Ñ ��� í*ñ ó-ô� Ñ ��� ¸	��� ÑC  ¡ Ñ� MÓ í ¸	��� Ñ Ü�Ý » Þ�ß"! # Õ ÑBÊ%$ �'& (")* ¬"�
ø'ðòñ óô � Á + ����¸	�,�'- Ñ �	. ä ¼ � ß�¼ ¾0/ ¢ ö Ñ ¾"1 ¬�ð2	3 ¸	��� Á + ñ óCô ��¸��	� - Ñ�4,5 ä ñ óCô�6 ¸��	� Ñ?¹ 7�¶�8	9 (: É�ð<; Ê	$�Ñ Ü�Ý » Þ�ß�!%# Õ ä0= ³ ¬y¹%ºM»�¼�ø�!'#%µ ö ª�í ¾ ¶ ö �ª*Ñ  ¡ ( ¹#ºM»#¼?>,@ A*·�ú	B (Thermally-Pulsating AGB) í�©%C�ð � ÄBå	D
Ñ�E,F,>,@ A�·�ú,BG H (Early AGB) í�I�J#µ ö"K
>%@ AC·#ú'B L Ñ 2 � ¸'�'� Ñ?G H'L�ñ óBô?6 ¸'�'� ø�¹ 7 ¾?M%N'O ¾
¶ � ð runaway

( / µ ª�í ä Schwarzschild í Hähn (1964)
¾ P<Q Å�! R S�Ä � K �

Ä ��L,T,U%Ï�V ÑW� L ä ½'X�Y øZ8%9 µ ö [ í ä�\ + Ä�Å�É ��øBð [ Ñ�]^ ä T,U ø-Ï�V ¬*Å#É#¶MÉ?_%` Ñ Í í0L Í / a ð ý#þ D Ñ ���%¸ øZb�c d7 ¾ Æ É [ í ¾0/ e µ ö �	
 thin shell instability ígf h�Ä � K ½�X	Y ä ÒMÓ,ij,k øZl a É�ÑWLBð ¸��,� ä ð pressure scale heigh HP

P ��m É�n�o ¾Wp�O S?Äö"Krq ��ø Q ÅBð thin shell ðSµ�¶BÙ s�ð ���¸ Ñ pressure scale height ø�tZu r
¾�v
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� 14 � E,F,>@ A�·�ú,B (EAGB)
Á + ¹%ºM»�¼�>,@ A�·�ú,B (TP-

AGB) G H	L Ñ� �Ó (L:
�����

) í 2	3 ��� � P C�ñ óCô�6 �	�¾ P ö Ü�Ý » Þ�ß"!'# Õ (LH: � ý	� � ð LHe: 
 � ) ÑBÊ	$�� & K	��� ä è�� 5M� �	� I Ñ��	� K

� Å�ù
ú�� S-É (Hp/r = 1/V � 1) í a
¾ ä ð�½%X,Y ø / a Å �	��� ø �%� q Å
Ígtu � Ñ Í-Ñ����  "!$# ø�%%É���
 Ð�& Ñ�� ' ä � +"( �	��� Ñ�)�* äM � � í$ � ö [ í��	% ö"K �,+.- ð ���� /"v�0 ä21 ) v�0 í43 q 576 í% �÷ð98�X	Y ä 0 7 � M,N�O LBð ý%þ�: ö í 8	9 : ö [ í;��% ö�K ý%þ /�<= > ð?)@*�� O /;< = � L�A�B / ��C � 1 q�D 8%X�Y / Y�E ø 0@F�G � Pö 0�H�I / Y�E (2J K ö [�L L M ö?K 0 7@%?8�9 ø / a ö L A�B ø J�N qD 8'X�Y � P öPO Q � R	S ! #�T øl a 5 % ö�K �%��� > 8'X	Y LW! # :ö,O Q � R	S (�U	V qWD �'� : ö / LBð Hp/r

v ø�X�Y�ðZM ö�[ > ð V ø,\$]: ^ K ��/�_�`$a ���$� / �%� b t�u � v q2D.c$d L a % [ P e ��% ^ L af & / � ' b \�] q a )@* g�h (@i,j + : / L a�kml /�v$0 no/ _�` b.p�qS + ^ [�L ��% ^ K krl /"v	0�ns/ i L L > a 8�XY > 0 7@� NO ��% t a 8X�Y LW! # : ^ Q � R$S (�U$V : ^ L�L i � ����� / A�B > g	h q�D a 8X�Y�T ivu@w a9���%� � P�^ O Q � R$S ! #�T L 0@F�G � P	^ O Q � R�SH�I b,x t ^ eZy�O@z _�{ b �$| : ^ [�L ��% ^ K0[ / 8 X�Y / 8�9 |�}> 0@~ � � M ^ [ > shell flash
L f h + ^ K �@� /�0@~ � � L >���� & b��� : ^�/ L a9�	���$� f�� / !�# i��$� q�D;��� ��� 5��$� b M ^ K0 ~ � � � /.�@��� > v�0 b l � � 6 �;�@� : ^�� �	��� A@B ��� q a�  �¡W¢ ��� T >,£ 14 ��¤ ¥ j ¦ e �;§ ¨ 5 ��C : ^�© � i ���Pª � ( a � / O Q � R�S > �  ,¡�¢ & � U�V « +	a ��� /;¬�@® B >�¯�°�±	² � L �³ ^W©Z´W/ j�µ �  �¡W¢�¶ �$� LZ·	¸ ¶ �$� b�¹�º : ^�» ¼ > a¾½�¿�À�ÁM j t / 8@Â�Ã � ��Ä « + ^ 8 O QPÅ R�S /�Á Æ�Ç�È ¥ a9É�Ê bPË�Ì Í ÆÎ 5vÏ ^�© ��Ð 8 /�0 Í Ï.Ñ { > ¶ ��� Æ ¦ ^�À�Á / X�Y Æ;Ò e �,Ð 8 /Ë	Ó T Æ2Ô$Õ@Ö ^ b a �  �¡�¢;¶ �	� × E-AGB

ÆWÇ@Ø D
TP-AGB

� > ·�¸ ¶��� ��Ù ³ ^ ¦ e�Æ Ï ^ j	µ a Ë�Ó T > � Ï tsÚ « [ ´ L Æ Ï ^�© ¥ j bÜÛD a ��Ð�Ý aßÞ Æ�a �  �¡W¢�¶ �$� b�à ¨ ^ J$á�â ã�ä	å$ä�å;æ ç�è�é ê ´ë Æ Ï t a�´W×�ì�í × g�h × j�µ �  ;¡�¢.¶ ��� ×;� w Æ ¦ tî§ ¨ Ï;ï í�a¥ j bÜÛ è a ¦ tîð ê × �  .¡�¢ á ×�À	Á b ��� ë Ï t a?ñ@~ Å � ×	ò�ó�ô» b ä�å�ä	å�õ öPè ê�÷ © ³ j;ø �  ;¡2¢ ��� ¶ × Ë�ù i�ú û ÷Pj�µ ñ�~ Å� ã�ä�å�ä	å.ü ê Ï Û è�é ê ©
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£
15 � ñ�~ Å ��� ×���À�����©���	 â ã ��� � ¬�Ö ©�
 £ ×��� ã���� � ø��� 	 ã �  �¡W¢���������� � � �  ;¡W¢ á ×!��À û#"�$ ¥ ø ¬	 ��� á Æ�%'&Ö ÷�(*) � ¬ Ö

(Fujimoto, Nomoto & Sugimoto 1976, PASJ)
©,+ £ û �' û À	Á*-

.
( / ¶ ×*0#1 Æ#2 ³!3 ÷ À	Á � ¬ Ö )

� �'�4�5� � � ×7698 á ë ¬$:6�8 áÆ�; ¨=< ³>3 ÷@?�A B ¤ ¥!C D × (Iben 1976 ApJ)
©

£
16 � ñFE Å G H ×7� À��:� ×JIK © �  ;¡W¢ á B 2 L ·�¸*M á ×N â O + P�QSR TVU ¸ ëXW ¸ Ï TÏ ÷ H Ð�Ý × ú@â Æ*R Y è ×

12C×�Z [ ×F\ ¼�] ^ B À Á - . ×_J` Æ!6�Ö ÷ � ¤ Ö ©a\�¼Jb'c ã2ø± d N ×
15
d e ×*E Å G ×*f gh ø �  �¡�¢ 6�8 á û � § Æ Ï ÛC!i j ø �  �¡W¢ 6�8 û#k ç C�ij ø ¬$*6�8 á Æ ¦�÷ �  ;¡�¢ á×mlFn O

third dredge-up
Q ø ·@¸ ¶Fop Æ ¦�÷Jq rJs ¢ á û7t Î ø

16
de ×'E Å G u q r's ¢ 6 8 á ûv w Æ Ï Û Cmi j B�x è$ø ±*d ú×

16
d e ×JE Å:G ×�¬�*6�8 á Æy ÷ l n ×�z { | ³ u (Iben 1976

ApJ) }

~
15
ã ñFE Å G Æ�Ò � q rms#��á u ×J� À��*� ×#I K B�� � C D × u �÷ } �'	 â ã 698 á B�� Ö } 
 ~ ãJq r�s�� Ý Â	Ã ×Wñ ÍJ��� ÆWÒ é o p ¶× ú × q r7s#��á ÆJ6*8 ûm� ��ø�� ×m6'8 á ã!�*� B 2 L M á Æ ã�� R Ïé�û,ø 698 ûJk ç C É D 698 á ×�� × ú$á�â ×���À ã�ø � � T 3 è7":$ � ø
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ì$í û N û Û è7��� 698 á Æ�%*&@Ö ÷ � ë Æ Ï ÷ } 
 ~ ã�ø 698 á ×���� ×]�� B	��
 - . u � � C D × u:� ÷ } �9� � �,� \@×!6�8 á ×�� û | ë ��� ��,� ×	 � Û C�� × ��� 6�8 á ×��'& ë D �9� ��� � ûPü ê���÷ ë w � ê�� | ø~ � � ÷ y � � ø q rJs#� Ý���� ��� � 3 C � � � R � | ��� Z û����  ! "�# � 3 ÷ � ë � �@÷ } ~ 16
� ø q r!s���$ � U � Z9[ � \�%J]�^ B�� �

C7} N R T ø �*��& o p � y(' è'q rJs!�)$ û7t�*�ø ���4� � � û�+ � ÷ ë-,C �/.�0 � 3FC $ D 2 �	è�q r�s!�1$ ��2 32û 698 $ � ; � < � 3 ø 3-α
u� t � 3 C U � u�4�5 � 3 ÷ } �6� ë � ø87 \ � 6*8 û�� � 9 ÷!h � ÷;:< 6�8 0 u ��t � 3FC s- =�>�? � D 6�8 $ 0 ��@ TBA R 3 ÷ } ��� ���,� 6�8û#k C C/� ø ��� 6�8 $ û�D EF� 'HG (

��I ��<	J q r!s���$ K7"*$ � G
)
J(L� k C G : M��:� o pN& B�O C G;J q rms7�)$ � � & 9 M }QP E�R G K)S|UT 9 ��V � H1W�X K�Y C G P E�R G K�t�* � G�Z E[� M \ J ��� 6'8 <q r7s#� � P E�R GFH � � � � C 6*8 $ � � ��] � J � 3 T � XN^�_ t�`K����  ba c # � 3 M ��\ � � M } ��� P ENR G ��d � ? � � ! "6e f <

Iben(1975)
� yg'HG�h # � 3 C K Jgi 3

l�n
(Third Dredge-up)

\�j @ 3 J ����kt u U � K W � y |Ul :
N m U ��nNo s- =�> ? � �1p q�r S m n � 3 ^�s�tu n ��v't;w�x \-y C zF{ G :NM }

7.3 | }�~�� � shell flash
�	���

7.3.1
o p�& ��x�� \

flatness parameter

i
3 � ����������
 � y M�x������ � h � y � ��Jg��� � n����Nob��� �n���� ����$ <)� W;� � m �/� �/� � � J�� ��� �����;& � <�J���  K�¡;¢��  ��£ � G;¤ � E J

U � 1
\�� M6¥ � � K 'HG

U
��¦N§ ��¨ ©	ª�« 9 M \ J¬��¡;® �/¯

(58)
<�° � � � G

U = U1

(

V1

V

)N (
1− [N + 1]/V

1− [N + 1]/V1

)3−N

(124)

\���M�¥-±�±[�
U1

J
V1

< �;��& �/�N���/² ��³ ´ J � ��J
polytropic index N

�1µ: G <	J P�¶ R�· ��</�b¸ K�¹�º�9 Mb�)�
N

N + 1
=

(

∂ ln ρ

∂ ln P

)

ad,1

=
24− 21β1

32− 24β1 − 3β2
1

(125)

�)��� � »�M�¥(¼�½�¾ < �N¿�À�Á \�Â�Ã Ä�ÅNÆ Ç > ¯ ©	È�É � � Ê Ä;� ³M/¥	±/Ä/� <
V1/(N + 1)− 1� U1

Ä/Ë Ì�� |;Í ��³�M�¥ e�Î Ä/� ©	Ï ÐNM \�Ñ Ò��� �)Ó�Ô Ä/¯
d log Mr/d log V = U/[U + V/(N + 1)− 1]

ÊF° � � » G1J

ln Mr

∣

∣

∣

∣

1

=

(

U1

V1

)

(N + 1)

(

V1

N1

)N+1(

1− N + 1

V1

)N−3 ∫ (N+1)/V1

0

(1− t)2−N tNdt (126)

\/Õ M�¥(Ö�¾ ×�Ø���� Ù/Ú » ±�Û	{ � Ó;Ô � J
shell flash

ÄbÜ;ÝbÉ Ù�Þ Û�ß�¥� ��àBáãâ6ä
shell flash

� Ä����;Ø Ä/� Ä�å1æ
r1

Ä���ç ©èª�«Né ß \ ä
P1 = P ∗

1 f(V1, N1) (127)\ëê ì�ß ±;\�Ù�Õ�ß/¥è±�±í�
proper pressure, P ∗

1 ,
×

shell flash î Ù	ï Û6ß[É�ð ä f×
Sugimoto & Fujimoto (1978) ñ áHâ1òNó ô { � flatness parameter

� ³Nß�¥öõ
17
ÙÐ ÷ µ�ø Ä

N
Ù µ Ð â

V
Ä;ù1ð ú � â�û � �

(flatness parameter f
Ä�ü�Á ý Õù)ð�v Ù µ Ð â ×�þ�ÿ

∗1
©������ ¥Q����Ø à�� Ð

V � 1
Ä ú;»;×

f ' 1
ú/Õ ´ ä

∗1 flatness parameter
×����
	 �����ù6ð ©	Ï Ð â

[f(V, N)]−1 ≡ (N + 1)

(

1− N + 1

V

)N−3(
V

N + 1

)N+1

B(N+1)/V (N + 1, 3−N)
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��� ×�����Ø Ä�� ô Ù ñ z��bÝ)É Ä Û�Û�Ù�Þ Û1ß/¥	±è{ × flat
Õ�¡���¡�	 Äx�� Ù ��
 é ß�¥ � ø � ä Ø Ä�� ô�à�� �

V
à6¤ ô ÷�Õ�ß ú��Ø Ä�� ��Ä��� à�� � Ù���� ©�� � ß

spherical
Õ�x�� Ù���	 é ß�¥

f
×

V1

Ä���� ù)ð � ³´ ä
V
Ä�² Ù

sensitive
ÙbÕNß/¥öõ

17
×�ð�²�� � � ��!�"$# · � Ä ���&% ' ©í���Ø Ä�� Ä

V1

Ä�² Ù � � â ($)+*-, � � Ê Ä�� ³�ß à1ä
f
Ä$.�/ úF����0 ÙÕ áHâ Ð ß�¥�±21 3�Ä "�# · � × �4� à ' à ß ú�5�6 
87 à:9 ;/ä-� 1 ú�úÊ Ù ä ÂbÃ Ä�<�� à��$= � !$>8?87 ×�@ » ÷ Õ�ÄBA äDC8E à�F ´HG IUÅ�Æ AJ�K *MLHN ×�O4P é ß ±�ú�Ù�Õ ´ äRQ&S Ä � � à @ »)Ð T U J�K *VLWNYX Ä ��&%B' ×�@ » ÷�Õ�ß/¥RZ Ù

V1 → N + 1
Ä�[ \$A ×

f → 0
ú�Õ ´ ä^]8_ Ä � ��×a`b c â6ädX�e 5 Ä�f8g ×

V h = N + 1 ikj8lnm8o ú c â ï Û1ß p;ú�ÙbÕ�ß�q ∗2
q

7.3.2
� � ! �8r ý�Õ�s !

t�u � �
P ∗

1 iwv É é ß ú ä^x�y Ø Ä � � P1

à
V1

Ä;ù)ð ú c â � � 321 ß�qÛ�z äR{$|
ρ1

Ê
V } É$~ ñ �

ρ1/P1 = V1r1/GM1ú-� � 3�1 ß�q é ÕB� ;/äRx$y Ø }�� } ÓbÔ M1

úíå�æ
r1

ä�� ñ�� ä t�u �&�
P ∗

1 iav É é ß ú ä p-1 3 } 2 � Ù ñ á â)ä flash
X } x8y Ø } ! ý�Õ/Å�Æ }��$�à

V1 } ù�ð ú c â Ý:� ýNÙ	ï Û1ß p;ú/ÙbÕ�ß�q�;Î } ù:� ñ � ä f } V � }��8�8� i $
A��8~ é ß ú ä é�Õ�� ;	ä

$ ≡ d log f/d log V (128)A��8~ ô 1 ä
N
à�� ð Û�z�×/å � ð }w� G Ù�× V }B��} ù�ð ú c â�ø ì�ß�q

[f(V, N)]−1 = 4

(

V

4

)4

ln
1

1− 4/V
− 4

3

(

V

4

)

− 2

(

V

4

)2

− 4

(

V

4

)3

,

[f(V, N)]−1 =
1

3/V
,

[f(V, N)]−1 =
2.5

8

(

V

2.5

)2.5(

1− 2.5

V

)1.5 [

θ − 1

4
sin 4θ − 1

3
sin3 2θ

]

.

p8p2A ä
θ ≡ sin−1[(2.5/V )1/2]

A&��ß�q�Ýn� } N }w� G × äR� \���ð �w� �8A � â

[f(V, N)]−1 = σ∞
k=0bk, b0 = 1, bk = bk−1

k + 3

N + k + 1

(

N + 1

V

)

,

}�� ç � AB� � 3�1 ä p }�� � ä V > N + 1
A����Né ß�q

∗2 � �  �¡ x�y ik¢ £�� G
V h = N + 1à ñ�¤�¥8¦ A�  �H§ £ p;ú��n &¨�q c z ©+ªV« p21 i x8y ¡ }�¬�8m$o ú c«:® X�e 5 }w¯�° ±$²�ik³ I p�´ µ2¶n· A�®¸p }�¹:º � single star ¥$¦ ´k» ¼1 ¨�qRz ± c ® ]8_ ´ X�e 5 � �w½8¾ }w¿ ¤ ©���¨ } A ¬��m8o � � ]8_ }½8¾ iaÀ ¤ ¨�q¸Á�z�®wµ I¸Â ´ £&}�j$l�m8o �

Lr + LN =
4πGcM1

κ
4(1− β)

(

d log T

d log P

)

s

,p�p2AB®
(

d log T

d log P

)

s

=
1 + (∂ log κ/∂ log P )T

4− (∂ log κ/∂ log T )P

LN =
M1(U/V )1εN,1

(∂ log εN

∂ logT )ρ(
d log T
d log P )1 + (∂ log εN

∂ logρ )T ( d log ρ
d log P )1 + 4/V1 − 1

.

Ã�Ä }�� � x8y ¡ A } Å�Æ�Ç ÈnÉ�Ê&Ë 7 i x8y ¡ }�Ì Í � pressure scaleheight��s c «�Î8Ï&Ð ¤ ´ c «BÑ�Ò c z µ } A�® thin shell approximation
´w» ¼:Ó&«

¤ ¨�q
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�
17. flatness parameter ( � )

´���� Ç�� X } x8y ¡ }	��
 }	�� ( � )
q��� � ´µ��

V
q

(Sugimoto & Fujimoto 1978 PASJ)
q

´ � � ´�® ��
 ´ {8| }��$° �
d log P1 = $d log V1 (129)

d log ρ1 = ($ + 1)d log V1. (130)p¸Ó�� �
V1 i `���� ¨ ´ x8y ¡ }	����� }��&}! � ©#" � ÓB®

d log T =
1

α

(

α
∂ log T

∂ log P

∣

∣

∣

∣

ρ

+
∂ log T

∂ log ρ

∣

∣

∣

∣

P

)

d log P =

(

α
∂ log T

∂ log P

∣

∣

∣

∣

ρ

+
∂ log T

∂ log ρ

∣

∣

∣

∣

P

)

d log ρ (131)

´� &¨�q c z ©+ªV«�®%$&�')( }+* � � ² ¨-,8¡ } s)� cgr �
T1ds1 = cgrdT1 = cP

1− α(∂ log ρ/∂ log P )ad
1− α(∂ log ρ/∂ log P )T

. (132)

p8p/.�®
α �

α = $/(1 + $) (133).B��~ Í Ó�®%,�¡ } $�&�'�( * . }�0�� }21 ¨�3 ¤ i�4�5 � ¨ p�´��$  ¨6
d log P1 = αd log ρ1 7 q α = 0 } ´ � � ® 0)�4� � � }8* . }29�: } � 
 r); } < =� 1 3 = q homologous

  ��> }���? � � α = 3/4
´� 4¨�q ®

N }#��° i ��@ � ¨´��$~ � �/A �/��  < = ��® $ � flat }	B g } ´n� } 0
� �

spherical
  B g }C D. Ê�E � ¨ F�´���  � ® α � 0

´
1 }�� G ´�¨2HJI�zB©Wª «�® � (132) } ÏK�2L ��M . � ¨B© ®ON�P�Q�R ´TS�U }���? (d log ρ/d log P )T,1 = 1/β1

´�  � ® α = β1} ´B�TV Wn«:® cgr �aÊ)E Ik« � D!X ´� �¨	H�
18
� YZ\[^]`_ba�c2d�e�¡ c#f 
 � 
�g h  +i� cgr G V1 j <lk α

´8µ��
Å m n�o p�É c  lq ´�Ia«�r I#slH�d�e$¡ ©:Ð � V1 � 1

c ´ �k®
α ' 0

.�i�
�tL . cgr = cP

.�u�¨�Hvde8¡ © Ì �  &¨ ´ cgr/cP �-w�x � ¨�©�®TF¸Ó �zy�{ ´´nµ+|2f 
 ©l} Í �T~ ¨)s)��|�® y�{ ©8X � ��~ � ® < ��� � c Å�Æ�Ç È ÉG-� � ¨ < = | ~ ¨!s��.�u�¨	H�F	c � ® cgr > 0
c � � ®��� �:Å m n�o�p�É© w W&¨ ´ w�x � ¨	H%�4©�«�® cgr �-� D�X | ~ ¨�©:®�F�c ´8��de�� c	��� Ã X |�� � ¨ F�´2| ~ ¨	H Í �t|td)e� © y�{ � ¨ ´�® Å m n\o�p�É © w
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�
18 � d�e�� c+� 
�g h ��� Hbd�e�� c Å m n�o p É s1e

|��
= d�e�� c��	� r

´ Ì Í HP

c+i
V1e

® � 
 ´�
�� c � �� m	�
α(= d log P/d log ρ) � j <lk f 
 � 
�g�h ~ i�� cgr

H�� W�� c
e � de�� c���� c ½4¾ G�À � s � . u � F�� G r � (Fujimoto 1982

ApJ)
H

x I�� � y�{ | � � � Å&ÆBÇ È8É���0)� | x W�s Å&ÆBÇ È8É�G � ! � < =| ~ � � i�� cgr �#" | ~ � � ��� ��$ | * � � F	�#| ~ �+H���d�e c Å&ÆBÇÈ É�Ê4Ë&% � � d�e� � Ð ��� � �� �	���+| w�x � �	HtIz� I �%��
 j <k 
�� �nÅ m nTo pBÉ'�lw�x � � ���	��|)(�* |)+-, � �)c. �/.10-2-%c#
��3-4	� �65	7�� � � � Ã	8 �� |:98� � �<; | Ã X!M |t� I �>= c Ä� +	, |�? @:� FA�2| ~ �	H
7.3.3 Shell Flash

c&B ��Ê'Cde� c Å�Æ�Ç È É�D1E �:Å�Æ�Ç ÈBÉ�F 4 � �
T

(

∂s

∂t

)

Mr

= εN −
∂Lr

∂Mr
(134)

.AG W �¸Ó � ��� Y�Z�[^]`_Oc)H�I c)J-K � $�&�'�( c �1��.�c F2c&L�M�Nc:O � G<P � F'�l| </Q �AR � � F-� � . �	�+HzF2c�s�� �-S c:T 2 U c#�VAW | < ��X�Y)Z [�\�]	^ G
εr =

ac

3

T 4

κH2
P ρ2

(135).:_	`�� �
∗3
HaN)�

(131)
�

(132) G<b �:� ��	cAd c#O	e G/� @ � � �fOAe�LM'N �
∂δT

∂t
=

εr

cP T
FδT

F =
cP

cgr

[

εN

εr
ν − (4− κT )

]

+
(∂ log ρ/∂ log T )P

1− α(∂ log ρ/∂ log P )ad

[

εN

εr
η + (κρ + 2α)

]

.

(136)

∗3
Ftc�_	` � �&� .�c�g	h G pressure scale height

.�c#i �>j .:k �ml W�� FA�.�n o6p �	H
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��� � ��HtF F+. � ν
�

η ��. X Y	Z [�\�� � % c!� � �<
 � 3 4 � , i.e.,
εN ∝ T νρη ��� s � κT

�
κρ � opacity

c#��� �m
��'314�� �
κT = ∂ log κ/∂ log T

�
κρ =

∂ log κ/∂ log ρ
��u���H
	 h ~��� � � F

c�������� � � � F < 0
c ��� �� � F > 0c ����� �� � ~ �	H

Y�ZJ[v]O_ c�B���� C � energetics � o R � o p ����YZ [v]O_ a�|������ ��� | !A��X Y&Z [	\ V�W c#"�$ % P �'& p ��( � � u ���*)�	�c�d %�+ , � �
ds1

dt
=

1 +∇ad − 4/V1

T1f(V1, N1)
(LN − Lph)

LN = M1

(

U1

V1

)

εN,1
1

1 +∇ad,1ν(N1/N1 + 1)η − 4/V1

Lph =
4πGcM1

κ
4∇ad,1(1− β)1.

(137)

-�- � � �  �. / c1032���� j ! k#.�0A2A% c�465 | � thin shell
_	` % b �s

∗4
� - c#N %�7 8 - �2| ! Q ��B6��� C � R � o p �1�9�: |�;�<>=@?BADC�E6F ��� N (134) � oG0�HJI6K L 6M I�K�N

LN = Lph (138)

��O�P � � �QE R � - �l| ~ ��� - C1S T�� shell flash � flat
~#U I C3��C�0H6IVK � o spherical

~ 0�H�I�K W C#X�?�Y � 5 Z o�p ��� � [ �]\ _ ^1_�h`6a b�� c#d]e6f�gVh6i C ^�_ � okj l�m�n�g�h6i C ^�_ W C�o�Y p�q�kr � o6p s1�
7.3.4 t�u _�v�w C shell flash

W C1x bh�i�g C�7
(124)

%#R yVsza b��|{ Q
} + 
U � 1 (139)

c�d \ _ ^�_	h�` � c�e�f�h�i C�~V� C�� �>� }�� . C1��� %������ s - p%zS T ,��6� s����
19
[�� , } ! ��[�e�f�h�i3g C /1� ����� %zv , } ��d� . C�� ��C���� c U − V
0�w�~ C1����� �3��� �1� %�� � oG~�W���� s p-�� [��V� � s - p�[6  ¡¢d�£�¤ �3¥ ¦ 8¨§ © �Jª 8�  s } y3j l|m�n .C���� [6c�� �«��� ,   � �

¬�V® _ ¯ °�±V²V_ %1³ ´�µ�¶V·V_�¸ ¹ c�d���� º3» ¹ ¼�C�v�w W C�½�V� t�u � s - p���¾Vs�� -k¿ À C�Á3Â�_ c�v3w�§�©V��¥ ¦ � C�¹�dÃv�w [t ¡BÄ ÅÆ� } e�f�¯6j l�m�n [�Ç�È�É�ÊJË�C�� ��Ì Z�s p�d�Í À C1§ ÎJ¹�ÏÁ ¹�¼�C1Ð C1Ñ6Ò pQÓ�Ò �#Ô ÕÖ  ¡×d�¯�� ��Ø6Ù x [1Ú�Û�dÆÜ Ý� 1Þ�ß àzáâkã â p�[J Vs#ä â�å1æ�ç c�dè~�é ¹|ê3ë ì }�í�î ��ï3ð ì �6�J� d t#u�ñå ��� c�ò ó
124 ô ¹�õ y }�ö ¹�v ÷ ¿ s â p1[J  ¡¢d«ø�ù3Ï�© c

P ∗
1 = GM∆Macc/4πR4 (140)

púdDÁ�Â�_ å ���
M
pÖ£�¤

R
d*û ü#ý Ø h3þ å t#u�ñ å ��� ∆Macc

¹
explicit ÿ� � s â p ÿ   s�ä ¬��®�� � t�u ì } æ�ç c�� ����	 ¯�
�� ����	  °±V² � å#æVç �

X
�

burst
à�� ¦�á â�ã �  â#å ò �  ¼ å�� Ò ��vVw�§ ©

(g = GM/R2)
p��6q6w�Ä ¾ } ¡ å t�u�ñ å�� Ó6Ò (σ = ∆M/4πR2)

¹�� ��s â p|à� ì ��� s1ä
∗4

1

∆M

∫ M1+∆M

M1

TdMr =
M1

∆M

U1

V1
T1

∫ P1

0

(

P

P1

)∇ad−4/V1

d
P

P1
=

T1f(V1, N1)

1 +∇ad,1 − 4/V1

LN =
1

∆M

∫ M1+∆M

M1

εNdMr ==
M1(U1/V1)εN,1

1 +∇ad,1ν + (N1/N1 + 1)η − 4/V1
.

} É ì  ∆M
����� � 	�� ì ��� s ñ å ��� (= P ∗

1 4πr4
1/GM1)

ä
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�
19. U − V � w6~ ¹ å�� µ � ���� å�� �
	
� ñ å ���Väèï���� � å�� � � å � � å °��Ø å �V� à�v ã äDé �

1e � 1i
�¼ ¿ ��¿�� � � ñ å Ð � � �	�� ñ å ~ �  2e � 2i

��� �	�� ñ å Ð û ü�ý � ��	�� �� ��� ¦ }�� � �! � å °��Ø å ~�� à3¾ À#"�ã ä%$V� � òó
139 ô ¹ å µ & ÿ � x ã ' ä Ë(�)�*,+

# 1


# 2


# 3
�-� �
	� .0/�1325476Då�8�9 Ý� �:�; à< ì � � '

(Sugimoto & Fujimoto
1978 PASJ)

ä

�
20 ÿ�=�>�? à�� ã ä%@ A å ï6� � �¬��® � å �J� (M) �
BDC � �D	��ñ (∆M2)

àFE ��GH8 åI� �
	
� .0/�1J2K476Då ° ÿHLHM ã 'FN Ô�Ñ�Ò å!O�P àìRQ ì G Å å ä ¬Ö�® � å £�¤ � ��� åRS�T U +   å ¹ WVHX Y ¥ ¦
Z�[ \<�] §�© Y ¥ ¦ Õ  � G  B-CVñ å V�X Y ¥ ¦-Z [ \ � Ó6Ò Y ¥ ¦-Z å ¹ ø�ù�Ï6© Y ¥ ¦ Õ  ì G Y_^a`� LHM Ñ�Ò � Ô Õ  /b1c2d4e6 ��� ÕÖ  ' â � àf ì ` Z ' ä
/�1J25476 ÿ ÚVÛ ã '
g å BHCVñ å-h�i � �¬�6®�� å�æ6ç � BIC�ñ å VX å Ì�j ÿ!k l Ï6Á ¾ ' Z �Fm ë n ����� Y á o '�æ�ç ÿ � ¼ ¿ ÿ ü 'RpÜ Y  Ü�q�r ÿ ü 'Hs�tDu v )
w�x �zy { ç l â �F| � � ^K` Z ' ä g�} �BHC�~ ÿ!��? ã 'Jå |  shell flash

å Ú�Û ÿ!��� n BHC6ñ å VbX ( � ' Z ���Ó�Ò
)
�  B�C�~ åIU + � n ' ä�ì G YJ^5`� BDC���� � | å shell flash

å � Ò
�
� åF� åR��� �  B-C � å VIX ��B-C�~ | o � ' â �1ÿ n ' ä� A ���H��� ��<�] | å-����� å-� V à � � " ì G ��å |  ï�� � <�]� � ó���� ÿ�� å�� oV÷�à!�6é ô�� E � G � o� ��������� �D� �D��� ���� �

(σ)
� U + � ì `I< ì 7�� b¡ � �D� �-	!�D����� YD¢ m ë ÿ n ' �

(F = 0) � < £K¤ �-��� � �!¥�¦ � e����§ ( ¨ 47©au Y�ª « ¬�®�¯ ~ Y Z�Z� | ±° )�²´³�µ |-¶ � { ��· =b~ Y
¸�¹ ºb» n '����b����� | ¼F½ ���b¾¿ � Y n « n '�G Q ½ m�À |�� ' ¤,Á G YJ^5` ½ÂBDC�Ã V ��Ä � � YHÅ j Á` ½eÆ�Ç�È�É�Ê ��� Y�Ë Ì-Í!Î Ê�È�É � ¢ m�À � » LM Á G A
  |I½ÐÏ�ÑJÒÓ7Ô »D �Õ Á!`

X
� Ö ×�Ø Ù ��Ú o,Û Ü £Ý¤ � Þ Z ¼-½Æ�Ç � BIC�~ Yß à« ½Æ�Ç�È�É �!� Y A

  » M £ Þ g �!á � â A   ã B
  � �äIå | Ê�È�É�~ ãy { ¦ ^ G ã o ¼
½Æ�Ç�È�É�Ê �
� �
æ�ç ¼�� Ü » ã \bè Þ Y ½Æ�Ç Y È éê�ë�ì � �Ií »�î � � Ë ÌDÍ-ÎHï ð�ñ�ò à-ó ½ô� �D� ð�Ë ÌDÍ
Î Ê�È�É �¢ m�À � »-õHö Á êR÷ ø | ÏÑJÒ Ó7Ô � Û Ü £ Ü ã!» n Þ ¤
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�
20 ��������� �	��
 | � Ë Ì�ÍRÎ � ÏbÑ3Ò Ó Ô ���� ( � )

ã �
��� � ��
 |� Ê�È�É � ¬ � n m�À�� â � å ¤ � � ���b� ¼ ¬�� u Ø � »DõIö | o Þ������� ��������� ����� M
ã��! Ë Ì�ÍRÎ-ï ���"�

∆M
��# » � Á ê � � |I½� Á ê%$�& ¼ õDö ��� �	' $ ( Fujimoto & Sugimoto 1982 ApJ)
¤ � � ¼ �!��� ���
 (�� Æ�Ç�Ê�È�É �!� �	)�* â �b� å ã#Ë Ì
Í!Î Ê�È�É �  �Õ � â � ¡� å � Ä � � ã ��� � �"# »!+ Á ê � � ¤ ��, Á ê�$.- ¼ �.
 � � ��' $

(CGS / æ ) (Hanawa, & Fujimoto 1982 PASJ)
¤

8 0 1 2 3 4 5 6 7 8

8.1 9�� ��:�;�<� ð
0.08M� = # � 9�� ¼
½ Æ�Ç�È�É »� �Õ ½?>�@�A »�B º% « Ü ãD»�CÞ	DE>�@�A ÷ ø�F ä ½G9�� FIH"J ¼�K ó L MON.P QRC�S F ( ½?>"@�A ÷ ø�F9�� F :�; ¼R½UT�È�V F�W ñ ãOX�Y�Z (�[ è Þ Ü ã�»"C Þ�D ê�\ Á ½GT ·�]¼�^`_�a F�b�J F � S ã Ü`c<( Á	d Û Ü Q	C�S F ( ½e>�@�A ÷ ø ( X�Y (f Þ�ÆbÇ F � g f

ãih Þ ã ½
τ =

MXEHf

L
= 6.8× 109(

M

M�

)(
X

0.7
)(

L

L�

)−1(
EH

6× 1018erg g−1
)(

f

0.1
)yr (141)

â
X
ã

EH ¼�K ó j-ó ½±Æ�Ç F�k�l�m�n ã Æ�Ç ¼ Ë Ì
Í!Î�o%N�p h Þ ã f / æ��� d Qrq�s àFó ÞRT tvu�w x × å Dy�z F�{ |.F�H�J }�~Uk�l o	� ���
46 ��� F ä o 2 � � QRS.o�� é ê Ü ãg��v� h Þ ã ~?{ | �"� F 9�� F :v; } 100 ��� ã�S � Ü ãIo�C Þ!D�� ���� ( }	~�H�J } L ∝ M3∼4

C F ( ~ :�; } �"� F �v� ã�ã��`o
2 ∼ 3 � o����v�� ����� o��.� h Þ Ü ã�o�C Þ`DG� ��� � ( }I~�H�J } LEdd

(�� é Q,ó Þ
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τ = 1.8× 106(

X

0.7
)f(

LEdd

L
)yr (142)

ã�C Þ ð ~ '�� ^�_"T } � f � ~ f ' 0.5 (for M ∼ 20M�) ��Þ S } K ó = # o"C ÞF ( ~ :�; } �`� o � Q��.L�� $	��
 ��� J (��� o"C	� D
>�@vA ( F������	� g�:�; g�� é ê���~ 9�� } note.3

(�� ê � �	o�� � �! ��� = �#" F ^!_"T F%$�n o%& � T ��� F#'�( g*) +-, . � D � d � ~/�� d Q0� ��� ! F�÷ ø ( T t u�w x�1 F�2 80 %
g s 3 � ~04 Q	o5� �6� !d Q87 � 9;:�� <6$�n 4>= � 9�f@? + F%2BA�C g s 3Ih � DED#F ~ ^ ����GH � �<�BG ( }>IKJ F#��l o6L�M�N	O ^`_�T < ( f F#P Q ( H�J < � f ����.h � DSR F F . ~ 9 G } K F6'�( F>T M F�U�V g >"@�A G 9 � �#W X�hR 9 o<CK� F�YI~ >"@�A G F :�; < 9 G F :"; g%� Z � D

8.1.1 9 G F ��[ —
N�O G F\$�n 9S]�^ G�_�`

9 G } ' D = � 9�~ 4 a Y � F � ��o ~cbBd�e N 9 T � ] P Q g�f +-g �C < Q �	���	� d QSh �@i	j t uIw x51 F � f C6" d Q�C � ^`_�T F�$�nk F%l � g#m , h � Don p o%q � F	9 G I�J F%r�sBt�u d Q 9wv F�^�_�x J9�b�J F N J }\�	�	�B� = y F � F�Y � � <�~ 9 G 9 � �5z ' � FK{ d +F�|�}6~ } x Jv~GbvJ 9 � � � ~��K��� o���� h � D>R F P Q Y }�bBd����F t.u<w x�1�� < C�S F�Y�~�� � 25 � o#q � F � �	o ~��B� d Q t u`w x�1g s 3 �\� < Q e N � ~�� G ��� a�x�� 9�9 ��o b � ����� � ��� ���{.|���� �
0.08 � � � � � G }	~ ^I_ b � < 107 K � � � � 9 ~@� 1B� �>�� � � v 9 �¢¡ 4 � ����£�¤�¥ ��¦ < , D + ~;§6¨�© Y � £ ��¦ o ��� t�uw x�1 ` '�ª 9��B� « ¬ �� ®�¯ ° 1#± 3 ª <�² + ¥ ³;´Bµ <�¶	· ¸ � �R � £��	� P Q ¹ §6¨�© Y���º YK» � �	� <�� Z�¼ ½ � D Y ¾	¿ �KÀ Á ´µ Â#Ã F = Ä �>R �6Å�Æ	ÇBÈ P Q � � G ��ÉBÊ ¹%ËBÌ � ��� 9@J Í�Î	Ï ÐÑ Y�Ò D Ä � JKÍ5Î�Ï�Ó%Ô Õ8Ö Ñ Ó�× Æ � � � bBØ Æ � � ¹%Ù�Ú ��Û e	Ü�rÔ

CNO Ý Þ � ¯ Â ß5Ä Å	Æ	à ¦ ª á>â ã%ä���� « ¬ ��B®�¯ °�å ± æ Â#çè ¸ Ä � ã\é�êëvìä�Ó/��í �%î�ï Ô�ð�ñ ò�ó � 2 ô �#õ ö�÷�åBø�å�ù Ò ú�Ä óÔ�Â � Ä �§#¨ ù#Å�Æ ê Ç û#¼ ½ Ä ÔüÓ���í ��� © ¹ Ó8§#¨5© ��ý þ�ÿ�� á Å�Æ ���� ��� ê�� Õ	��
 Ô � ³ Î�Ï��� Â � Ä>Ó ý þ\ÿ�� §#¨�£ ¹������� ãüÓ��� á�� Õ�� ����� ù�ÅKÆ	ÇBÈ ê�� ú�Ä � � � ù � ÇBÈ Â"! ã%ä ò #%$�& ê'�(8� )+*�,�-�.�É ê�/ ½ Ó Å�Æ � Ç�È ò10�2 Â�3�4K¸ Ä � � Ç�È 5�687Kýþ ÿ�� §6¨�£ 5�9;: ê"<�= ¸ Ä�ê�Ó
Schönberg-Chandrasekhar >�? áA@ û Ä Ô@Ó§#¨5£ 5 ������ êCB î D ��ÓFEBê�ä�§#¨ ù�ý þ�ÿ�� £ à ¦ Â�G8H�¸ Ä�I §¨�© ù�ý þ ÿJ�LKKà ¦ êL� ú�Ä Ô¢ÓNM O�P"Q ù�KBà�R Â ß�Ä�ST&�U Ô  ®¯ °�å ± æ U ê ² Õ�VAWwéX2 À ´�µ ê ¶�· ¸ Ä�I�PJQ;Y ù�ý þ#ÿ�� ê Ç û#¼¸ ÔüÓ[Z�í ¹ Ó × Æ Ô+\ Æ « ¬^]BÄ�P�Q K á ý þ\ÿ�� � 5 �� Ô Å�Æ 5�_ �ê�8
 ÔX` ³EÎ�Ï��� Â�] Õ Ó\ó 5 PJQ K 5 �����8� 5�a b ê�� ú�ÄCI>ó 5Ô ½ Ó Å�Æ 5�_ � Ô ý þ�ÿX� � 5�cKù ¹ �"� d"�"� Ç�È ê î�e ¸ ÄCIó 5 ß ³�Â Ó � �8��� Ô KBÇBÈ 5 2 À ´Kµ á�f Õhg ¸ 5 ê�ZBí 5 î ï 5i8j�õ ø�å k�ù Ó

note.3
Â ú�Ô�l�é�× Æ�Ç�È Óm\ Æ�Ç�È Ó�nLo küÇ�È Ó	p þXqk�Ç�È 5�ra b á^s ä�Óut 5 PJQ K 5Cv Ï Â�w Õ ÓxPJQ;Y ù�K y n�z { å á| ` 7 é5¸ ú ù�} ��ó	Ô6Â8] ÄJI%ó 5�~�� á%â ã>ä � � y n�z { å Ô K yn�z { å á�� `�]5ê �;Ó�Z�í 5�� Y �>Ó Ë�Ì 5��L� ]#Î�Ï��;� áBò ôJ��� ]É	Ê � �üÓN� � ò 5 �8� 5 Î�Ï���� Ô Ç	È � � �X] Ä��8� ] É�Ê � Ô îKïã*äT` ��ó�ÔC��]���I

ã � ãJ]�ê �@Ó���� ä 5 ZBí ê���� ù�� � é�t 5 PLQ K 5"v Ï �"w ���� á���� ú ùL� � �#Ö Ñ ù �;]�`;I>óA� ��� # ' 5 $T& ( ê"�T�T�8� ù   Wä�Ó1�L�	ê�¡ �T� ¢\Ó îBï �8� 5�a b�ù£ ú��JI¤$�& ê"¥ ��]�� ¢�¦uZ�í �`�Ö ¢�§J¨ ] K�© ª «0ï � ó « �8] ��ê�¦x� 5 ú�úA¬TS ª «�X®;¯ û8® `��ê   ��`�� K© S °A± ó A® �� °A² û � ó « �]���I �8³ ¦�´�µ ¶ �·tP�Q K 5Jv8¸ �Cw¹W»º�¼TV �C¦	P�Q�Y 5�K y nLz {;½ ° | ` 7 º  ¦x� 5 �� ��� y n�z {�½ 5;¾ « ]���I ������ ° } ¿ � « ¦�� 5�ÀÁ ù�* Â ]C¬02 Ã ��ÄTÅ  ¦ � ��Æ�Ç �TÈ É�± Ê �®8� Ë °�Ì Í � Ê « �8] �"I¤Z Î 5
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3 � 5�� ����� D	� �CI � 21

�	
�� «� � ¶ �A]���� 5������8¸° � � D������ ]�� : � Z�Î � � ` ® ¦�� � � � « Ì�� ° � « l º � � 	  ��I
8.1.2  �! Î " K�©�ª «8^®�� ��#%$�& ')( *+' ¸ ,+- � �T� °�. � �ºTl � 3 / �10�2 °43 ,+576 ® ¾ ¶ �98: Î ��;�� Â < � � ° É�= ® > � � �1? ; «A@�B 	   , ¦DC B ' ����E �� ����F ³HG�I °4J �® 	   �18LKNM�O�P � ¼NQ R�S	? ; S	C B R $�T UV 8 �W  ¦YXHZ S�[]\_^ `ba�c R	d � � 	�¦eC B �gf R @NB ')h i < V «j k l �1m�n�o 'gp >®�q ? ; S @NB rT¿�s � ,tq C B R ¶ u < i < V 8XÊ� ¶ � <gv F SwX�Z  �! «�x y)� V ' q & � �wz , R ¶ V C B�{ � S ��S| ? ; U <)E }1;���ÂN< ��� R�~�� � < i < V ºH= q $�& S�� � < ,�q��������� � S�� W�< i < V 8DX�Z  �! S	��� 'g� � >N� ��� >	� � 	)� � V 8
 ���H� �	�

2.5 � � 	 �	� ����Î S q��N���N��� ��  l1k1¡�¢w£�¤ 'w¥N¦U V7§H¨ �)q©�gª�q«� ¬ � �4�N� ¢ ���� S   l�k�¡ ��� ®°¯ ±w²�� ��³ �� ¢)£�¤ ')´N¥ �	µ ª1� ����q
11 � �	� �w:  S � u1R ²N�N��� ®4¯ ± ³��qD¶)· ¸ ��¹ º ¶�» k�¡ � ¢g£�¤ '1´�¥ ��µ ª�� ���wq � µ ¼wµ ¢	£�¤ �X�Z �  �! ' � � V 8#½$H& ' � * R <©6¾ª�:  R�S ¿+J ,À��Á�Â '1Ã 6Ä±�> V 8ÆÅ �7Ç S q � �È�ÈbÉHÊ � ±�> iÌË Q �wq  �! ? ��Í�Î u µ ª ÏÀÐ�Ñ  R < V 8ÆÒ Ó°Å �7ÇS q�Ô�Õ � ª ¢1£H¤ � ¤�Ö�× R�Ø�Ù � ª Ë Q �)q ¤�ÖH× S�Ú�Û U V 8 ¤�ÖH×RgØ�Ù U V W � Ó W S q ¢�£�¤ Ü ? Ô R1Ý ÓÞC B ¨�ß ��à ¶ ^ á�âgã�ä Rå V ÉHÊ Ü�æ Q �gs È V 8

  l	k4¡N¢1£�¤ Ü Ë Q qÀç âNè ¸�é1ê ë � � > Ü �)q ¢g£�¤ Ügì � ë)í�îÜ ��ï�ð i u > R <ñ6òª�� ����  lgk	¡w¤�Ö�× RgØ�Ù U V 84ó µ Rgô � ±�q²H� �õ³ � ÜH¢	£�¤ � S q¾ö]÷ â ø l4ù R å 6ú± p�û å i É | �4µ V ª = qú²� ¤ ÖN× Ü Ø Ù S ¢�£N¤ ë
Chandrasekhar

Ü�ü�ý ì ��þ i R < V È � Ã ª �µ V ó��1R < V 8 Ô�Õ Ü Ò�� � S ¤�Ö�× S�Ø�Ù U V ��ÚHÛ U V ëwq]ÿ Ü����S Ô�Õ Ü�� � R å�� ±	� 
 V�� ÔNÕ ë� �H  lwk	¡ ��� Ü Ë Q S q
shell flashÜ ��ó�� ����ª å Ó�R q ¤NÖH× R å V à ¶ ^ á�â���� û S � � ª������ U Vë)q���� ë ¨�ß U V � | ë�±)Ô�Õ ë��  �± !#" Ü�$�%�&ñÜ v(' ®	)�* � q+�

� ë-,Në � ±)q ¤�ÖH× Ü�.�/ v�' ë�0�1 2 3 �54 ¿ ��í�î ì � 6 å�7
2 � Ü íî ì � Ü�8  9�:   ;�< ¡ ØNÙ>=@?(: ¢w£�A � � �>� ë-B ª���, ë � ±C� 3ë :�ó µ 9�: ¢1£@D Ü ��� ë�ö©÷ â ø ; ù É�Ê E å�� ±w� FG
 H :   ;�< ¡ �� ë ¢	£ ®JI µ ª�K�� ¨ � � È 3�ª@L�� :NM@OQP »D÷ E åR� ±	I D Ü�S T ë�U

V 2 3 Ü � ¢1£WD 9	X %�Y(Z ®A¯�[�2 3 ó�\�E 
C3 � ó µ E	ô ]^: ÔHÕ ë �
�)²�� \b³ � Ü�¢)£�¤ Ü Ë(_ : Ô�Õ ë-�  C3�` E S a à ¶Wb áHâ ® ¨ ) 3¤ à ¶	b á�â ë �C� ]^:e�c�d ë�e fhg i ó�\�E 
�3 � ó µ ë�j���k :Nl 3
� 9�: j�m�k \ å-n µ 3Jo�p  j � Ü B ´ ' � l 3 � ³�qC: ¶�· ¸ \4¹ º ¶» < ¡�ÜH¢1£�¤ Ü Ë�_ 9�: ¶)· ¸ Ü�rWs�t>u E å 3

Chandrasekhar
Ü�ügý ì-vÜ U V E åw� ± ¢g£@D Ü�x�y ë�z È 3)ë : ¤ à ¶	b á�â ë V 
 F|{�} ¤ ®�e

fGg n 2 Ü E�~ � 
�� Ü-� : SCa Ü���� ë�� ����I�� 9 e fGg n � µ 3wë :
{�} D 9 ÿ Ü ÈHÈ4Ç i µ ±({�� s  \�] ±(
(3 �
8  Ü�� � ®���� 2 3 Ò Ó B Ç Ü�� q 9 ì�v�� ��� l 3 �R� Ö�× EwØ�Ù
2 3���L E>9 Ô�Õ ? Òh���(� ë�� f-{�} � Ü�ìWv 9 �C� 2 3 ó>\ ë ��� �
l 3 � ]�� ]^: 8�� Ü���� � ��9�: Y(� 
 à(� b á�âC�J��  \�]J¡ � � ]J¡
��3W¢ � : ÿ�¢ ��  £C� b ¤W¥�¢�B D �J¦ � ¡ ��� � � ¢�§�¨C¢�© �@ª�« f
¡ � 3 ¬ \ ªW�® ��¯ ¡ � 3 �w° ± ¢�² _ ³ :+´(µ ¢ ± s ¶ ·�ª-¸ K�¹Cº
» � gC¼ ]½: ° ±�¾ \C]�¡ C® �	¯ ¡ ¿ 3�À�¬�¢>§>¨ ¢ � �	ÁCÂ 9 � � ¢
?�Ã E ¶ H :ÅÄ�Æ ª-� f F ¶ 3 \>\ ³ E�Ç � 2 3�ÀÉÈ�¯ \�\ ³ E�: I�� ª	Y
Z ]J¡�Ê�Æ ª-Ë ª Ì \NÍ a�Î(Ï E�Ð�Ñ�Ò E ¶QÓ ¡�Ô�Í ª�Õ f Ì	ª :×ÖWØ ª��
f F ¶(Ì \�\ ³ E�: È�¢�ÙCÚ � � f F ¶ H : È	¯ E�Û Ó ¡ ��� ��Ü�Ý�Þ ª � Ó
¡-: I�� ¢ � ��Â ª-� f F ¶ Ì \|ß à � ¯ ¡C¿ Ì À�¬�¢�á v�� �(â ãwÓ ¡�ä
� ¢-á v ª-å æJç � ¯ ¡��(�C� ª�è à ¯ n�é È>¢Wê�ë � {-} � ¢	ì(í ª�î
» ï é+ð � ñ ò½ó(ô(� õ�¶ Ì Àwö à n�éw÷ q>�(�C� ¢�²(ø é {�} � ¢-á v â
³ ã-Ì�ª é ä � ¢�á v ª

∼ 1/10, 000
â@¶ Ì õNè à Ì À ä � � å æGç � ¯ ¡	ù ú

¶ Ì õ é ä � ª�û>ü ý é�ð � ¢ �(� Ê(Æ ª ´ ú ¶QÓ ¡ é � � ��¯ ��þ á ª {

59



} � � � ¢�� ä�� â�� � ��¯ ¡�� �	� 
 é�� ��>��� õ�¶�Ì À�¬�¢�� é ���
� ª�è à�¡ é�� àW¡>¿ ú ¬ õ�â�¶CÌ ÀN¬�¢���� ñ�� á�� � â � à@¡�� á�� �
¢ ���! ³�" ¡ ñ » Ì õ ß à # ¯ é ° ± á�� ¢

11 $!% Ë ¢ ð � ñ ò�ó>ôC�â ���'& Ì õ�( ¯ Ì À òGó�ô�� ¢�)�ì ñ é+* Ã á,� ª é °(± ¢
0.5 $�% Ë ¢ �ñ�- .�/10 é

8 $'% Ë ñ12�3 õ54'3 é ÈW¯ %�6 ñ�4'3 é ��7 8 õ�9 : ��; /0 õ�¶(Ì À
¬ < ý ¡>=!? ýA@ ò�ó>ô'B ñ�C £ �,D ¤�¥ �>EGF ý�@ »(» ¢ ¿�H I�Ð�JK'L�M Ì ÀÉ¬�¢ ò|ó�ô�B ª1N�O�P�B�Q â�R & Ì ²�ø é Û B õ ¢�S�T ª�U ( ¿V L é Û B W # V>X ¨ V�Y�Z ª�« � é ÷ 3 â�[!\�] Y'Z X ¨ ª òGó�ô�B â�^
ï`_ ³ Ì õ é C'a>b V�c ë�d ª M ïfe Ì Àhg�i â,^Aj ý�@ þ>á � L ÷ 3�C�ab â ë�d ý�@ ²�ø ñ é C�a>b V�k�l âGm�n & Ì V�o g�i�p V�q L�M Ì À ý�@o Ósr é�t J VAu'v ³ È�w x ·	y � ú ¶ ú é�z V1{�| ñ�}!B t J õ>ý�r,~��( w Ì À
z w â�� ý é X�� V ^,j â Û <�� ü â ãwÓsr é ��� � L 2�3��'� V C�a�b

â ë�d ý�@A� ø âCñ é B���� o�� ��� I & t �'� M Ì>� ñ t�� � V t J o�'� ( w Ì z õ	â�� ÌG� z w ñ �G��� õ(ý�r> �� ( w Ì���}�B t J VA�'�
õ5� à # w r'� �1��4�3 é � 7 8 é 9 : � ; /10 V � ø ñ é y>�� o ��¡�¢B õ�ý£r�¤ ��@ 
 é ��}�B t J V�u�v õ�ý�r ñ�U ( ú é

silent supernova
õ��!�

õ¥� à # w r������
8.1.3 ¦'§�¨�© —

�1¡�¢ B õ�ª�«�¬®�¯±°'² D V�³ ì
´�µ � B V � ø'¶ ��� � L C���· ¸�¹�º ý5» ú ý�rG¼ o�³�½ ( w @ � ¾	¶
¦'§ û�ü ñ£¿ � ¶`À V�Á�Â �A� � V�Ã�Ä Å 6�Æ ý�r�� Ç z�ÈAÉ ����� Ã�Ä o
4 × 109 K

¸£� Ê � È ¶�Ë�Ì�Í É Î �£Ï'Ð V Ï�Ñ o C § V�Ò § ÉAÓ � Î < É �Ô ¶¥À,w Õ L V ��� V�Ö�× LGØ ½ ( w @�¼ V�Ù ¢ C V  �Ú o � Õ �1� z V Î< ��Û'Ü � o � � � È ¶�Ý B Å ¾ Å�Þ §'ß!à ��á Ô Ø � ¸�â�ã L ä � Ç��Ô ¶åÍ §�ß�à É�æ�ç�è �'�1��é�@ oëê r ¶ ¼ V�ì Ú o�í Õ � È ¶îÝ B Å Í §�ßà É1æ�ç�è É � Ô ¶ ¦!§�¨�© ¸ í ï ¶�ð ��ñ Å ´ Ã ´�ò Ä É � �A� z V1ó Vô�õ Å ¶îÝ�ö V µ�÷ É!Î ê r�ø Õ �1� ò Ä o y ä Çù� ê r ¶åú ¢ ûGü V,ý É�þ
§ oGÿ Ç Î ��É � � È ¶ ¨'© o�� Õ ê r���� o � ä ¶ Ï'Ñ�� o � � ¶
	 ñ ��� � ��� ���
�å² ����� É Î ê�� Ë � ï ��� ¶����  � ä � ! ��� � " ÈÉ � ���#" �  �¶

II
����$ ö % �'� È � Ê ��� � � �  �¶�& 'G¶)(+*-, % �$ ö+.0/ %

simulation 1 " %2.3/ ¸5436 é �87 Å:9 é#;=<3> % µ�÷  �?3@ àÉ�A B CED F %HG
30 I3J0K+LNM Ø Å ¶�ð8O�P�Q  ð2R+S'ö È é �8T ÔEU À �Î ÔWV B Ý'ö % M Ø Å U T�ê ��ð8O�ú % V0X Y�Z Ê [ " È  1 ä�\ U À-% ÕÕ^]:_ Y2`:a0bcUed�f�gih�jlk+mHn %5o:p qsr [ t�u v �w� � B [5;

D3F�x ÷ %�y3z I Y|{ v [#} ö % M�~ � U ð2O ñ 1�� S+* %�/0� q � ê��V+X ]�_  �� äw� " �5� "�t q 9 [s;�" % � S:*�� $ ö�.:/ % M:~ � U��-�� x ÷ q��3� é U ?+@ � A B � % � ð�O ñ 1 %Aú �+� 1 �+�  � � } ö���  �� ��� ! ��� [  U�� B � %:% M�~ � U ���  � � [ %� H� � ��� O�� H� ò�� q 9 [ ��� U^� % �:� `�� � � d:f
gih:j k+m2n q 9 [�;
8.1.4

ô�õ %s¡-¢ � 9�£�¤
" � � 1 � 	8�3¥3¦ %2§ õ q2¨ ©+ª � } ö %¬«0 Y8® � � �� U " %2¯1 � U «+ qs° � }:± %5��¡ %s§� t � %s¡:¢ � 9H£�¤ Y � t � �-² " � ;³�´:µ

—
��¶ � %s· ¸ B ± � �º¹ ¶ � %5» B ±¼+½-¾+¿-À Á % }�± � U x�Â  8Ã|Ä � � � O-Å � �-Æ � ÇÈ§ É � 9 B % 1 UÊ�Ë � x�Â q:Ì�Ís?-70Î [5;ÐÏ � � x8Â % ÑºÒ q�Ó-?-7+Î [ % 1 U x8Â %HÔ� 9 }3± Ì Õ U Ï �  �Ö � B ; � % �3�3U
×:Ø %¬Ù X C

ρT
qH?+7 L qH? Ú �Û�Ü %¬Ù X C

T 4
q�?37 L %¬Ý3Þ  �Ô � ß 9 Ç Uà� %2Û-Ü %2á � 1 Æ [�± %8¶� � Ô � ß 9 [H; ¶ � � � Ä t � A B }�± ClD F�x�Â % 0.08 I3LW1 � ∼ 10−4L�twâ B ;�ã:ä U x�Â  Hå-æ0Î [ t ¶ �  8Ô � ß 9 [  Uèç [ B ä q ` B � �Û�Ü-Ù  V+X Y � v éeê 9 B t B ëWì-í  Hî3ï éwê [ ¶ � %sð ñHò UÈó�ôºõö8÷ ø�ö ñ2ù

[Ledd = 3.7× 104(M/M�)L�]
q#ú:û U

M = 100M� 1 � ¶ � � 106L�

Yü{ v[2; x�Â ý þ ê J ð q 9 [ t U Û�Ü+Ù q �)Ä�ÿ U���������� t � ê qH° ë ¹x�Â
	 ��ý�  � ê U }:± � x�Â ý���� ª U Æ [� � U }:± � o:p � � � �
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þ �	� 
 ý ¡-¢ � ê [|}-± q�� � Î [�� }:± �	�� Å �

Teff(L = 4πR2Teff) � xÂ t:t � q�å-æ ª U ¼:½:¾�¿:À Á �5}�± � U������ ð ���:ð � é������ ��!q#" $�%È³�´�µ &#o:p Î ' þ t q)(*' �,+�- � % �� Å � ý/. �:Å �10 5700� ��2�3 ß %àÌ+Í �/4 q�5�6 Î ' ý %�Ô x�Â �¬± � % ç ' ß �+ð q�5�6 ª�%�� Å � ý � ß ÿ2· ¸ ß87 � % ¹ x�Â �5± � % â ß �9� �:% �� Å � � ¹ ßÿ8» � 3 & ª|ÿ � ' �
;�< � «+

— =�> �	?9@ A ¶ � � ð�B¼+½�¾+¿ � À Á�C D E ( ' A % }3± � ¥+¦�§0 ��FHG E ( ÇI%8J Â E �)Ä�ÿÔ � ß ÃüÄ ÿ ß ' � ¼+½�¾�¿ ý « K�% � L � ��M N/O�P ý å Q ' A %,R�S�TU Â ý å3æ ª�Ê:Ë V ? ê ' � ��L � ¼3½ ý ¾ Q�W X	% ¼3½�Y0¾3¿ ý:Z �1'A % ? @ V � é E æH[ � ê ' � Y�¾3¿ E � ªsÿ \�%�]_^ �/`�a b � c �Hd�ef�g ý�h ßji1k %ml�n Y �	o�p V1q�r ã � E�s i ê � �/%tl1n Y �/u v \�wê q xzy�{ � X�( �:��| i ý�} ÿ�%�~ L�� ý �*�1�9� | %�~ L1� ���9p ý ðB � ' A %��:� � l�n Y � V ��p ý � ý ' þ A E ( �8� � \ �
� � ' � � %� �/� ��(/� � � =9> &�� Q ' iHk E % =H> & ?*@ ����� w � � K & � �� A � ���1� � h � �
=9> ��?*@ � iHk H�9oHp �1�*� ��%,�9� V���3 ���HT9� � � � } �  *{� ' � �H�H  { ��¡�¢*£�¤ � \ A k9i�¥ J)¦*� § ¨ ��� © � §�ª�« ¬  �A¯® ° § ± � E (�'�²
+ - J�¦ §

2.5 ³ ± �µ´ ¬ ¥ J�¦�� V�¶�M N O�P ~ L�� § � �)��� §�· ¸¹ �13 ����T�� E�º » | ¶�~ L)� ¹:¼ U � ��½ � '�²�w1§ ; ¶¿¾�À Y l�n ¹~ L�� §�J)¦ ��Á9Â � Ã A�A \ E ¶ÅÄ Ã ��Æ �I¶���Ç ���HT9� È © ��¶�~ L� §�J1¦ �:É Ê §9q�r u T*¶ÌË p � Í
3000L� Î Æ�} i Ï X	¶µM N�O�P Y l�nÎ�Ð�Ñ � Ã�² |�Ò | Æ � � ¶ M <∼0.6M� Ó9Ô §�Õ1Ö V	¶�×�¦1Ø Ù Î ± } �)Ú Û�ÜÝ l�n Î�Ð�Ñ)Þ Î	ß�à È�á } �� H{ È¯â ã*Ã � Ï Î Æ Ã�² ß�à §�×�¦ ��ä�å| �*w�§�æ � �#È�ç�è ¹ é Æ �zÆ Ã Ï ¶ u�v � � ê�ë k ¶���� ì	¶j¨*í ® ©¹ ¶,î�ï ����ð�� È�ñ ò/ó ô õ ö1� Ã�²�÷ � ��ø�l�n ��ù ã*Ã Ï Ë p ¶,ú�ûo�p Ï:ü1ý � } �)Ú Û�Ü Ý § þjÇ�ÿ1� Î Æ Ã�²� ��Ú Û�Ü Ý l�n Î�Ð9Ñ | i Õ�Ö ì�¶�~�� � ì���� | ¶ w�§	��
�¶¿¾HÀ�øl�n �� � ��Ë p ì ä�å ¶���� § u�v ì ��� � Ã�² ´ ¬��H� §	Õ�Ö Î ì	¶ uv ��� ý � ¶j¨*í ® © ¹ ¶���Ç�ðH� È¯ñ ò9��� ¬�� Î	��� | ¶¿¾��9ð�� È��� � Ã�² � ò Î	� | ¶¿¾�À ßHà §�×�¦ ��� é ¬ Ï ¶�Ú Û�Ü Ý l�n�· ¸*§�¨�í® © § ��� ì�¶,�9Ç ����ð�� Î � Æ Ã/² � ò ì red crump

� Ï | ����� ý òÃ�² ~�� � ¹ Ú Û�Ü Ý � l ã�� é ¶! �À Ï#" À §�~�� � � ¹ é � ¶ w�§���$¹ ¾HÀ Ï Ú Û�Ü Ý §
2
� øHl�n ��% é Ã*± � Î Æ Ã Ï ¶'& (/¶�~�� � ¹1¼*)� �H½ ¶¿�H� ì�¶ u)v ¶ÌË p È Á |�+�+ ¶���Ç ���9ðH� § ©�, Î ï - é ¶ w§ © � Î îHï ���9ð9� È.� � � Ã�²,Ë p § Á*Â ÏHÏHü Î ×�¦9Ø Ù�/ ü Á�Â| ¶m÷ � � ¶ ß�à §�× ¦ ��ä�å � Ã Ï ¶ î1ï ���1ð�� È�ñ ò ¶ ó*ô Ï õ ö | ¶+ ¬ Î ì�¶¿ø1032 ü ù ã�¶' 1À Ï#" À § þjÇ�ÿ1��ô Ï5436 | �H¬ � ²þ�Ç�ÿ9� ô § 4�6�7�8 ¹ ì�¶,��� § u1v ì ��½ |�9 ~:� � § u1v Ï�;�<= | � ¶?> v �1@ §A Î�BDC � 4�6 E ��F � ² ú�û�G�H �:I � Ë�H �3� é ¬J ì	¶ 436 Î�K L Ã�M J �ON � �P� Î Ò�Ò �?Q ¬H§ ¹ ¶R�P� ý ò Ã*þzÇ�ÿ��ì	¶TS �jÆ �Ì PU §�V�H �OW �zÆ C 9 · ¸�§ ü § �X � Æ Ã�²É�Ê ×�¦ § Í

8 ³ � ¹ §3Y ×�¦9� ¹ ì�¶ZY�� ¹ ¾�À10�21[ §	\�]:^P_ §�·¸ ¹ ¶z¨ í ® È¯õ ö Ea` Ç b	cHð�d Î » L Ã:e�¶ ¼1) _ ½ È�f Ã g Ï Æ h ¶Ú Û�Ü Ý�i 0�2 e ë � Ã�²µÚ Û Ü Ý 0�2 Y ì�¶j>3k e�^�_ EOl ú9û�G�H e©Pm ¶ZY�� ¹ §:Ú Û�Ü Ý 0�2�· ¸ ì�¶jn3oPpPc Ï �1q Æ�r
2
§�ðPd È�� � LÃ g Ï Î Æ Ã ²sY�� ¹ §�Ú Û/Ü Ý 0�2 È	â ã�¶t HÀ Ïu" À §�Y:� i e*� �ý ò Ã Ï ¶'v�×:w�c §�Õ�Ö Ï�x	y ¶,î�ï b�c�ð1d Î » E ¶ÌË3H e Á�Â Ezl ¬h ²'Y/×:w1c { ��| ð ì	¶}v�×�w1c Ï�x ~ h ¶ î)ïHð1d3�3� ¹ ¶ ×:w�Ø Ù ¹ ßà È�á ��¶¿ø1012 e ù ã l ¶5�3{ �1� 4 ã l þjÇ�ÿ1c Ï Æ Ã�² ü�E Y�� i e

Chandrasekhar ��� ×�w�ï h � ¹ �1� � é 9 Õ�Ö ì.� î�ï b�c1ð1d3� �  3�102 Ð�Ñ E5�1� c*�1� È % g L��
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��� Ü Ý Y� i e3� � ý ò 9�� � � �#Y�� i ��� ) _ � e % é �¿î*ï b�c ð�d �O� Cl � h � ��{��� � ��� ��{ � )��� e % g � � � ) {�� e ä � �5��{ 9�

Chandrasekhar �� ×*w e ä�å E.l Y� i { ×�w Ó�Ô Î������ g	{ 9�� �#Y��i {�\�] � � ã !jò � h � � �!\�]#"%$ e ë � � �P� c3�P� e�& % ý ò �O�' (%) w {
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� S p ���� 8 j H - 5 �U�� 9�������� ! O�� ���� ��� f � ��! 5 `:#" m � �4n o f ��$�! )&% �ab(' 9 ) 6�* ��+-, .�/���+10>u325476 C J8 �9"�:;&< :>=@? � A B>C Z>S�Z>S � �D!DEGFH 5 ��� f j>I�� 9J+LK�` EGA�M ��N�O PRQ f �DS&T U � f +VK��>W � �D! ��O�� X9Y�Z P>[ \�j:V] \ ^eS ��_�BJC p j>+`I� � ^	n o�R S�jJ" mGa 9 ��! �Jb�c P�d l de = m7a Egf�h � f � 8 j C R p(i�p = jlk XRmDn B I&� X>+oI��O�� �9pq�r�s PRt u n>S v9+VK��Gj&k � s�w x O�� X(y _�� �9z�{ PR| B ��}J~E �lB�C
9.1

j(k � sw �J�(�I� �>�� �9c % X ��? �g� = B � E + R pi>p =7jlk � s�w �J�� ~l�� E���B>C N(O�v , E I� ~ ����n B } � +	R pli�p =gc % � d � ~���(�� X E �(B } ] \ ^wS ��_DBJC � S ^��JI� � ���R+�c % �^r �9_ d �l� ^� X9�l��� P(�G=aS ��_ ��C f j ~ ? � +��(�&� P�� S�j d ? } d c % �>� R=>I�+ ��B7_ ��+��&�� X A ? ��_�B d ? } d�� B7_ I� ~ Z���S v�+3K+S^>�7I�� �g��� � +�j�k E I�� ~(� i R�S � � ^L��  p E � �D¡ +¢n =�Z�R+�jGk � sw � £�¤g¥ P¦[ \ BJC§�¨©lª ��I� ~ «¬ f j�®� ¯ �J+5" mGa % ~g°�± � 1/300 ∼ 1/4
} � ²� +�³�´�� ��, E �>+¦µ¶? } µ¸· _ j&k } ] \ ^¸¹ ��_ B9C � � � ¯ �
HR º} +�I���»D� �>§�¥ p&q � ^7² p�ip =lc % � I�� ~ �D� ¼ � � ^ � B �¡ PR½�� ¼>¾9W X ¿DÀ º XDÁlÂ BRÃ�Ä P9Å Â�¾ � �GÆ�Ç�È } � ÉÊ � ^VËw P���� n B �}¦~ E �(BJC º 22

XJ+�®�� ¯
M15
��ÌÍ XGy _(��_ � y��� Ë w X Î n B � �(Æ�Ç�È PJÏ�Ð E(Ñ ¼ ¾ ~ + � ¹ }1Ò�Ó ¼ ¾ ¿ À º } �ÉÊ � ^>�>+ � �>� ¯ �9I�� ~ �D� ¼ � � ^J�>Ë w P 100 ∼ 150 Ô Ë �JÕ Ö X��� n B ��}J~ E �BgCØ× �>�®D� ¯ X(y _�� µ ����� e � Ë w ~ Å Â ^¹ ��_�� + � � ����¥ �9+ �D! Ë w �G£ ¤7¥ P�[ \ B µ7� E +�ÙR2�09Ú � ÛÜlÝ � ^LÅ Â�¾�Ë w }�} µ XJ+��  � ��!lÞ ��ß�à } =@? ��_DB>C

9.2
��! � á a ��â&<I�� � "�ã = ä�� �Gå y �9+ � ! Xlæ ç B á a �9è�é�ê�Ì } ¼ � � ë�ì E��B9C Ï�í&+

note.3
Egî ?ï¾gá a �J+ñð�¹&ð�¹ ò>ó ô¸X �(õ ¹�ö _ B µ9ò } å÷ ¼�ö _ BJC-ø ¹ ^��>�lã =(ù�ú Ú ûGüJý&þ�< } = B�ÿ���� E���B ~ + ø ¹^���� X µ(²	� i �>=7á a ~�
 [�n B¦ÿ	��� µLâ �(B�C�� X�����	����� ò} � X�����	� =��	���� «	� ~ Ï�� ¼��d� �! ògá a ~ Í�" ²>¹ B>C�ø �¼¦ö7Í	" ²J¹ ¾7á a ò å$# ~ ñc�%�& ' x �	�	���	� X �)( ö*�� ¡�+D¡ X, ��- ^ ²�¹.�/10 ò>b�c 243�á a 576�8 ¼�ö � ¾ ø }�9�:1;�<>= Ï	�?��ò@3 á�A ò@B�C	% 9 �7D � :7E F�~GÒ�Ó ² ¹ ;@<�° ± 2GB Âö7³�´ H�I Jò�K � ò@?�� L�NM�A	�	O ò@3�á�A 2 P

% Q � B R 5 F ;$S �O 9	T	U ¾9®1� ¯ : V ³�´ Ù Wü�òX?�� L�N3Dá�A òXB1C	% S YXZ\[ ò Y^] _ YXZ�Z[ ò Ya`cb :�F7<)d�e LG �f
I
�g e Lh �f

II
ò�i$j ` ¼�ö@k�l m�nö Fo;�<

p1q ò�r s t : / 0 Þ 5 L@ ÿ �1� 9�u ã : �o�1�1v � L�/ 0�Û Ü ò wxzy�{ ` ?�� JX# 9*| _ n ;�<)d�e L7}�~ SX� x �� �����.� ��� ��� : VòX� ��A � ]*� " 5 � :�Fo���  p	q ð1n�ðon ò�/ 0 9�� q � ; M	A1�	Oò.��A L �	� ö$?�� J7# 5$� " mXn � � ò `�� � _ nDö F ;7<�� ��� ò@3�$A �  ] ( ö*?	� ] _ & ' m�n�ö$
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(Salaris, Innocent,
&Weiss 1987 ApJ)

<

�������	§�� v � 2 x������	��� � � ��`�9$:1;�<�� m�n ; �$A L�?�« 9 !#" ��$&% S(' :o;��*)$§�+�, m�n ;�- �$A ��[. ] _ ��A ��/ 021 3�� V � §�V*� ! 4�: ?o« S �  m7n � � � `XF 4657 398 : ��`hS�;*< )1T2:�=�> �@?�§BA&C «�D&E �*F�G*/�H*I )*§KJ	LNM «39O « ` � :
II P A&C « L §RQTS UWV&X « 39O « ` � : Ia P A&C « `6� � :` §�Y Z\[2L ]*)(^ _�` � �ba&c §ed fNg	h ���2i V��

α
� c Sbj k ��`hSl _ n � k :*S.§�m2n�§ ��� « � §Bo�p@q W 0	�\r	s t�u « v _�w�§ � � ix �\y�z

I
�\{ « | � � �

[O]/Fe] } 0.4 dex ~ ��� m x i " � k@: � | } +�, mn � k :b=�� n wX§�o2p � ����� � )
2 � � P �TA2C «	D2E _ }1~*� } � "� � | 3��2� � � k�:�=

- � c M �\�&��M }b� i kT{ « w�� k | k 4*� | _ i : } § $ _�§^£���£� ���@�&�&� �T{ « w�� c2�&� �T- � c 3���" � ��� �*)@k i�v " �2w*ª	)
� :\=���� 4��G§����*LNM � 0.8 � �2� �\{ « ) � � ?�§���  }b¡ �£¢�¤ ) �¥&¦&§�¨ © _�ª ��" � k�:$��)*§\�«� ¬h�  �®��¯ �\{ « �(° �W± � 3 E ²) � � ?�§´³2° µ(¶o���2� �\[&· ��¸ §´o&p � �  �¹ ~ _ � k � ��º�» }b¼¬½� :T) �2¾ 4¿=

1990 �&À � Q Beers et al. (1992)
_ !N:

HK survey
§

2000
� Q@_ i : |

Christlieb et
al. (2001)

_ !&:
Hamburg/ESO survey

��Á@Â1§�o	p q Ã�0�) �T- Ä c M � � ik�{ « } j�Å ² Z Æ�� � k :b= � 22
_TÇ

survey
)

(2005 � ��) _ )
² Z Æ�� Èr�s t&u « �br@s	M �(É . 3�� ÊbÈ*=

Fe
�(Ë@ }�Ì Í Î 1000

É Î Ï�Ð � �
64



�
23 � HK survey

|
Hamburg/ESO survey

) E ² Æ�� È\o2p@q Ã�0 Î r2s t�u «Î Å�É . (Beers & Christlieb 2005 Ann Rev Astron Astrophys)
=

Î �(Î � 100 �&~ � E ² Æ\� � k : } §�r2s&M Î���� |	| � _�� Î Å w����_b� Æ � i :b=�^ Î r@s�M }�Ì Í Î 3000
É Î 1

� � ) wX§
10 �	~ � Ê v&² ZÆ�� � k i k�= Ê v � �«� ¬ Î { « Î Ë& &É . w�§ Ì�Í��N��� « �@i x Î yz

I � II
« | �
	 : | J � �®' i " � k�: Î�} $�% ) � :�=�> �@?� a&c ! �� � c Î Ë	 } J �(kN� c « Î���� }���� k _�J ��k |�v  � :�k w� Bai x Î ]�������� )�) ��È |�� � ¬9� � k :\-@Ä c Î Ë� }��� _(J � �!�" # : i x } +�, Æ\� � k�:\=��È$ ¢&¤ ��) _�r�s�M }�Ì�Í2Î Ï&% É Î 1

|
10 % É Î 1 Î(' _�w*) � � E² Æ�� � k i k	_ � v�v�+ ¬-,. 10 % É Î Ï �2� Î { � } /0� E ² Æ���1	k: i x32�4 i�5 6 } ² Z ÆT�
1@k :(=87�� ¬ Î � �:9 Ä c M Î�� i k ��Îw�6��� ;�� Ì Í Î 200,000

É Î Ï=< >�? 25,000
É Î 1 Î 2 � @ �BA�} �7�� ¬Î { � w�C 23

_T� ÊbÈ > D _T� c Î Ë�E }(F�G H*I J�K x Î 2�4 K Ë�E L� Ê81 J A (2007 M H ∼ 1/60000 H ) ��N ² ÆT� È } �7 Î { � � ��O }(I J ) P7 Î*9 ÄQO Î�R S�TBH(U Ê81 w� � | � | ³�°2¶ v ¬ �WV 1 J È �bÎ v  �AQJ w*B³ °�X Î*Y s L�� ��Z � '
[�\ L(]�^ ÊTÈ@È�_ Î�`�a H >bA ��Îc H��
J 1�d�e Î2� A | 7 ¾�@ � A�P 7�� f�� �&�2� Î { � } g(Î > D8K�TÎ�@2�hV È c — i�j�k�� Ê c @ � K c V È Î c ml A�J f� ¢&¤ � @ ¥&¦&§� n Ê:1�° �=o ? 1 J Aqp
j�k�� r�@ �(È Î c — s �@�*�	¯ Î$t�u�v E H�*U�w # A�P �2¯ Hb@ ��È�x � f*zy�{ I � y�{ II Î x � H�| 	 1 �=}�~ ��q� > ��� �h� � È���� H Éb� Ê��� J n���� Æ � �� Î$N � fq��X � # �A:���b�
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